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Annomayusa. B mpennaraeMoil METOIWKE CIIAH-BEWBIIETHI, TIOCTPOSCHHBIE Ha OCHOBE
HEPaBHOMEPHOM CXEMBI TMOJAPA3JCIICHUs W CXEMbI MOAbEeMa, MPUMEHSIOTCS K 3aJavamM
TEOpHH yIpyroctu. Beibop Takux 0a3uCcHBIX (QYHKIIUH 000CHOBAH T€M, YTO, BEUBJIETHI 110
CpPaBHEHHIO C JPYTUMHU Oa3uCHBIMH (PYHKIMSIMHU OOJAaJal0T PsAIOM TIpeumylnecTB. Bo-
MEPBBIX, MCIOIH30BAHUE CXEMBI MOJBEMA IMO3BOJSET CTPOUTH BEUBIETHI C 3aJlaHHBIMU
CBOMCTBaMU: TIAJAKOCTh, KOMIIAKTHBIA HOCHUTEIh, CHUMMETPHS, HY)KHOE UYHCIO HYJIEBBIX
MOMEHTOB, OOpalieHue B HYJIb Ha T'paHuile 00sacTh (YHKIHNA, COOTBETCTBYIOIIUX HE
TPaHUYHBIM BEpPIIMHAM CETKH. BO-BTOpBIX, BBICOKas CKOPOCTh YOBIBAaHUS BEHUBIIET-
K03 PUIHEHTOB. ITO MO3BOJIAET, OTPAHUIUBAACH HEOOIBIIIUM KOJIMYECTBOM CIIAaraeMbIX B

Pa3aI0KCHUH, I10JIYy4aTh JOCTATOYHO TOYHBIC HpI/IGHI/DKCHI/IH (bYHKHI/II/I B-TpCTBI/IX, HaJIUn4ue
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OBICTPBIX KACKAIHBIX AITOPUTMOB HaXOXKJAEHUS KO3PHUIIMEHTOB pa3ioKeHus: (PYHKIIUHU O
BEUBJICTAM.

Knioueevie cnoea: BeWBIET-aHANU3, CIUIAWH-BEMBIETHI, TEOPUS YIPYTOCTH, CXEMa
noabema, puibTp, Macirabupyromas QyHKIus
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Abstract. In the technique being proposed the spline wavelets, built on the basis of an uneven
subdivision scheme and a lifting scheme, are being employed for solving problems of the
elasticity theory. The choice of such basic functions is justified by the fact that wavelets
have a number of advantages compared to other basic functions. For example, the lifting
scheme application allows composing wavelets with the given properties, such as
smoothness, compactness of the carrier, symmetry, the required number of zero moments,

vanishing at the boundary of the domain of functions corresponding to non-boundary mesh
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vertices. Lately, the wavelet analysis is attracting a lot of attention from the researchers,
scientists and specialists in various disciplines. There are several reasons why wavelets are
being successfully applied in signal processing, information compression, methods for
finding approximate solutions of differential and integral equations [1, 2], computer
geometry [3-5]. Such reasons include the following. Firstly, the high rate of wavelet
coefficients decay. This allows obtaining rather accurate function approximations
employing only a small number of summands in the expansion. Secondly, availability of
fast cascade algorithms for finding coefficients of the function wavelet expansion. Thirdly,
many commonly used wavelets (such as spline wavelets and Daubechies wavelets) have a
compact carrier. In the proposed technique, a wavelet-system, consisted of smooth functions
with the compact carrier, was built using the lifting scheme and a mask.

Such wavelet systems may be employed for finding approximate solutions of partial
differential equations and, as a consequence, they may be applied to solving problems of the
elasticity theory. This application presupposes the use of the least squares method for
finding approximate solutions of boundary value problems of mathematical physics [7].
Keywords: wavelet analysis, spline wavelets, elasticity, lifting scheme, filter, scaling
function.

For citation: Deniskina G.Yu. Method for finding approximate solutions of elasticity
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WCCIIEIOBATENEH, YUEHBIX U CIECHHAIUCTOB B PA3JIWYHBIX JUCHUIUIMHAX. ECTh HECKOIBKO
MPUYMH, IO KOTOPHIM BEHBIIETHI YCIEIIHO MPUMEHSIOTCS B 00pabOTKE CUTHAJIOB, CKATUH
uHpopmalu, TpuOIMKEHHBIX METOAX pelIeHUs U PepeHIaTbHbIX U UHTETpalbHbIX
ypaBHeHul [ 1, 2], koMnbsroTepHOil reomerpun [3 — 5]. K Takum npuymnHam MOXHO OTHECTH
caenytomue [6]:

1. bonpmass ckopocTh yObIBaHUSI BEHBIET-KOI(PGUIIMEHTOB. ITO IMO3BOJISET,
OTPAaHUYUBASICh HEOOJIBIIMM KOJUYECTBOM CJIaraéMbIX B Pa3JIOKEHUHU, TMOJIydaTh
JIOCTATOYHO TOYHBIC MPUOIMKEHUS PYHKITUH.

2. Hanmuuue OBICTPBIX KaCKaJHBIX aJTOPUTMOB HaXOXKACHUS KOA(HPUIIUESHTOB
pasnoxeHus GyHKIUH 10 BEHBIETAM.

3. MHorue 4YacTto NpUMEHSIEMbIC BEHBJIETHI, HANPUMEp, CIUIANH-BEUBIETHl U
BelBiIeTH JloOeIi, NMEIOT KOMITAKTHBIM HOCUTE]Ib.

B mnpennaraemoil METOAMKE C MCIOJIB30BAHUEM CXEMBI IMOJAbEMa U MAaCKH,
MPUBOMSAIIECH K CIUIAMH-BEUBIIETaM, IIOCTPOCHA BEMBIIET-CUCTEMA, COCTOSIIIAS W3 TJIAIKUX
(GyHKIHI ¢ KOMIAKTHBIM HOCHTEeM. Takue BEHBIET-CUCTEMbI MOTYT OBITh UCITOJIb30BAHBI
B IIPUOIIDKCHHOM PEIICHUN yYpaBHEHUH B YAaCTHBIX MPOM3BOAHBIX M, KaK CICACTBHE, WX
MOXHO TPUMEHHUTh K PEIICHUIO 3a7ad TEOpUU YNPYrocTu. Takoe mpUMEHEHUE
MpeIoJiaraeT UCIoIb30BaHNE METOa HAUMEHBIITNX KBAIPaTOB MPHUOJIMKCHHOTO PEIICHUS
KpaeBbIX 33/1a4 MaTeMaTHIECKOW Gu3uKH [7].

CniaiiH-BeiBJI€ThI

Ilycts (7,g,X) — TpUAHTyIupyeEMOE NPOCTPAHCTBO C KOHEYHBIM MHOXECTBOM



N
cumiuiekcos [8]. T =| " — O0BEAUHEHUE 3aMKHYTBHIX H-MEPHBIX KYOOB BHA
=1

I;’:H[bi,l;bl.,,ﬂ], rae b, €Z,Ij - n-MEpHbIH Ky0, g:T—>XcR" — roMeomopdusm,

i=1

g:Int(T) — Int(X) — nubdeomopdusm kmacca C* (Puc. 1). Muoxectso X =| |
1

MoJIy4aeTcss U3 ToMeoMOp(PHBIX 00pa30B 3aMKHYTBIX 7-MEPHBIX KyOOB I IOCPEICTBOM

CKJIEMKHU uX KpaeB. [Ipu aTom, eciiu 60X — 3TO rpaHuiia MHOXKeECTBA X, TO X =g(0|T ).
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Puc. 1 — Tpuanrynupyemoe npocTpaHCcTBO

Ilycte  K!=27Z"NT, oK!={keK;:kedl} u IntK;=K!\oK!. OO6o3nauum [, (Z")

JIMHEMHOE  HOPMHUPOBAHHOE MPOCTPAHCTBO  OrPAHUYECHHBIX  ITOCJIEA0BATEIILHOCTEU

A={,},_,» B KOTODOM HOpMA OIIPEAENIAETCA PaBEHCTBOM [9]
[ A= sup |4, |.
aeZ”
Jnst kaxxkmoro i=1,2,... BbIOepeM TOCIEOBATEIILHOCTH, HAa3bIBAEMbIE MAacCKaMH,

a,,=1{a. .}, S €Z, KOTOPBIE B CXeME [9]

Aia =D 0orghy s J=0L... €l (Z) (1)

PeZ



OPUBOJAT K IMaJAKUM (PYHKIMSAM f, HY’KHOT'O Kjacca riaakoctu. Kak u3BecTHo, 3HaU€HHE

Takol (QYHKUIHMU ONpeeNsieTcss MPUOINKEHHBIM paBeHCTBOM [9]

f2"s)=A,,,s€Z, AeN.

ycts 4, =(a . ®... .  , ©*oe k=2""(k... —® s=27(s...s,). Torxa,
eCl v, =6, ., 1, t, €L U
Vi = (v}o’, ®..
rae t=2""(x... =7, T0 cxeMa Mojapa3ieieHus
Viak = Z hi Vs = _ Z (allcl,o ®... s =25 Vi (2)
seK s=277 (s)... !
OPUBOJIUT K PYHKIMH f(x,,... , PABHON TEH30pPHOMY MPOU3BENCHUIO (PYHKIUH f(x.), K

KOTOPBIM MIPUBOJISAT CXEMBI [9]:

i _ i i i
Vik = Z A 25V js > Vigk = 54.,1(, , k,eZ.

s; €L

Nrak, BeIOpaB GUIbTp 4,

Js:k 2

MIOCTPOEHBI MACIITAOUPYIOIIKE QYHKINK @, , KOTOPBIE
ONpeNeNsoTcs cxeMoi (2). Jlerko mnpoBeputh, 4TO (GYHKUMA ¢, YAOBIETBOPSIOT
paBeHcTBY [10]

(DjT,k =2hj,k,s¢jT+1,s‘

IlycTh e, € Z'"— HEHyJEBbIE BEKTOPBI, KOOPJAWHATHI KOTOPBHIX paBHbl 0 mimm 1, u

M, ={2k € keZ® } J ={0} UN. BeiiBnetsl onpenenum paBeHcTBamu [ 10]
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ITocnenoBaTenbHOCTD s, BBIOEPEM U3 YCIIOBHS j ¥, »(wdu=0.Ipx 3TOM MOXHO CUHTATS,
T

4TO 5, OTIMYHO OT HyJIS TOJBKO JUIs COCEIHHMX C M BEPIUUH k.
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Puc. 2 — I'paduku bynkumi

a — HEKOTOpbIE PyHKIUH ¢, , Ha oTpeske [0;5]; b — Macimrabupyromas GyHkuus ¢, PR

¢ — Macirabupyromas QyHKIus P, (21 34p1, H& MHOKCCTBE [0;3]° \[1;2]

1 4 6 4 1
Paccmorpum npumep KOHKpeTHOro GuinbTpa 4, , . Macka a =(§ S 3 3 §j’ KaK

W3BECTHO, NMPUBOAUT K KyOumueckuM B-craiinam [11]. Ilpenmosnoxxum, 9TO CTPOUTCS

BEUBIIET-CUCTEMA Ha OTpe3ke [p;p,], rme p,,p, €Z. llpumenenue B cxeme (1) Ha j-i

UTEPALUH HEPABHOMEPHON MACKH a;

(1), supp a,, =1{0}, ecmn a =a #27 pm @ = b* 27,

aaoz 1 4 6 4 1 i j
| - — — — =l suppa,,={2,-10,1,2}, ecm a#a*2"" ua=b*2’"
(8 s 3 3 8) pp @, =1 }

TPUBOJMT K QYyHKIHUAM @, , PABHBIM TOXKIECTBEHHO HyJII0 Ha 0T , ecn k¢ oK (Puc. 2).
Onpenenum GyHKIINH:

X _ T : -
P (X) =@, - °



Torna, ecnu f: X — R, TO OyJIeT UMETh MECTO paBeHCTBO [10]

=2 Vil T2 2V =D 0, 3)
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B PAaBCHCTBC (3) JJIA KPATKOCTU BBIITOJIHCHBI Hep60603Ha‘{eHI/Ie U MCPCHyMCpanuAa BCCX

6a3ucHbIX QyHKIMi. OyHKIIMK 0003HAYEHBI @, @ KOAPPUIIUEHTHI —c, .

IIpuMeHeHHe BelBJIETOB K NPUOJIMKEHHOMY PelIeHUI0 YPABHEHU I TEOPHH YIIPYTOCTH
Paccmotpum nuddepennmanbHoe ypaBHEHHE U KpPAaeBble YCIOBUS
Lw=f, Lw=f, HadX, i=1,2,... (4)

B THJILOEPTOBOM TpOCTpaHCcTBE L,(X), rne L — muHelHbId auddepeHuanbHbpIid oneparop.

M(J)
[IpubnmxeHHBIe peleHns w, ypaBHEHHS (4) OyaeM HCKaTh B BUIE w, = > o, , re M(J)
k=1

— KOJIMYECTBO DJIEMEHTOB BO MHOXecTBe K. KodpuIMEHTH ¢, HaxoIuM MO METOIy

HAaWMEHBIIUX KBaJPaTOB U3 pEIICHUS BapUAIMOHHOW 3a/Jadd; C y4E€TOM TOrO, YTO TpHU
MMOCTPOCHUU BEHBJIETOB YacTh 0a3MCHBIX (PYHKIUN HA TpaHuile obiactu (3T0 QyHKIMH,
COOTBETCTBYIOIIIME HE TPAaHWYHBIM BEpIIMHAM TIOJpa3/eicHNs]) paBHA HYIIO, YacTh

KOOPQPUITUEHTOB ¢, k € 0K, MOXHO HAWTH W3 TPAaHWYHBIX YCIOBUH. B 3TOoM ciyuae

w,= Y @+ Y cwo, a OocTalbHble KO(QQHUMEHTH OyleM HaXOAWTh H3 3aJa4u
kelntK} seoK]

MUWHUMMU3AIINN
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BropeiMm, ucnosnb3yeMbIM HaMH MPUOIUKEHHBIM CIIOCOOOM pelieHus 3anadu (4)
SBJISIETCS. METOJ| KOJUIOKAIMi, B KOTOPOM TpeOyeTcsi, 4TOObl ypaBHEHHWE W TPaHUYHBIC
yCIIOBUS YAOBJIETBOPSUIMCH B y3J1aX KOJUTOKALIMH.

IIpumep 1. PaccmorpuMm miactuHy X ={(x,x,):a’<x’+x2<b*} B YCIOBHUAX
1 2 1 2

pactspkenust/cxatud. [lycte £ = 2,1 Mlla; p = 0,3; a = 20 M, b = 60 M. UHTeHCUBHOCTH

HOpMaHLHOﬁ K I'paHUIC TNIACTUHBI HATPY3KC NMCCT BUI

F, :2(1+i2jn, E, :2(1+bi2jn .
a

Hcnonb3yst OMOpPTOTOHANbHBIE BEWBIETHI, HaMJleM MPUOIMIKEHHOE pelIeHUe ITaHHOU

3aJa491 U CpaBHUM €TI0 C TOYHBIM
2 2 2 .
0, =2+—c0s(20), o, =2——co0s(20), 7,, =—sin(20).
r r ' r

Pemienune. B nannoit 3amade 7 u X npencrasiensl Ha puc. 3a u 3b. Ionpaznenenus X
nmokazaHbl Ha pucyHkax 3¢ u 3d. IlorpemHocTn s MeToja  KOJIJIOKAIIMMA

max |0y (x) -0 (x)], max |0y (x) -0y (x)| u max | 7, (%) — Z'I{Z (x)] He MIPEBBIIIACT,

i i

cootBercTBeHHO, 0,0009, 0,000955 1 0,00025 MIla. Ha pucynkax 3e u 3f npeacTaBieHbl

rpaduKy TOYHOTO PEIIEHHsI o, U €r0 NPHOIMKEHUS o, .
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Pucynok 3.
a, b — Tpuanrynupyemoe npocTpaHcTBo (7,g,X); ¢, d — IoApa3eseHus
TPUAHTYJIMUPYEMOTO MIPOCTPAHCTBA; e, f — IPa(UKU TOUHOTO PEUICHUs o, U €ro

PUOJIMKECHUS

3akiroueHune
B cratbe mpeacraBieHa METOIUKA MPUMEHEHUS CIUIANH-BEUBIIETOB, TOCTPOCHHBIX
Ha OCHOBE CXEM IIOJIpa3JICICHHs M MO IbeMa, K MPUOIMKESHHOMY PEIICHHIO 3a]1a4 TCOPUH
ynpyroctu. [IpenmyiinecTBo BEHBIETOB mepe/l ApyruMu 0a3UCHBIMUA (DYHKITUSIMH COCTOUT B
TOM, YTO BEUBIET-KOA(DPUIIUEHTHI YOBIBAIOT TOCTATOYHO OBICTPO, MOATOMY HEOOJBIIOTO
KOJINYECTBA CJIara€MbIX B Pa3JIOKEHUSIX MOXKET OKa3aThCS JOCTATOYHBIM JJIS TTOTy4YCHUS
HY>KHOTO MpHOIMKeHus. [[0OmoHUTEeIbHOE MTPEUMYIIIECTBO BEHBIICTOB, IMMIOCTPOCHHBIX Ha

OCHOBE CXEM MOJbeMa U MOAPA3JAEICHUS COCTOUT B TOM, YTO MOKHO YIPaBisATh (hopMoit



0asucHbIX QpyHkuuid. Hanpumep, B nanHoi paboTe 3TH (PyHKUMHU OOHYJISIIMCH HA TPAHULIE
00J1aCTH, YTO YMEHBIIAET KOJIMYECTBO CIAaraéMbIX, KOTOPbIE HY’KHO Y4€CTh B Pa30OKEHUU

HUCKOMOU (yHKLHUH.
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