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AnHoTanus. B cTaTee NMpou3BOAUTCS pacdeT TEMIIEPATYPHOIO IMOJS UWIMHIAPA U OKPY>KAIOIIETO €ro
000JIOUKH AUIUNTUYECKUX CEUEHUH MPU TPAaHUYHBIX YCIOBUSAX YETBEPTOro poja. ['paHuuHbIe yCIoBUs
3aJIaHbl 3aKOHOM TEII000MEHa MEeXTy MOBEPXHOCTHIO 000J0UYKH U OKpYIKaromien cpenaoi. Paccmarpu-
BaeMbI€ IJUTUIICH! ABISAIOTCS KOoH(oKanpHBIMU. [Ipu 3TOM cama 3amada siBisieTcs cTanuoHapHO#. Pe-
LIEHWE HAXOJUThCA aHAIUTUYECKH MPH MEPEXOJE K CUCTEME IUTUNTHUYECKUX KOoOpaAuHat. 13 pemenus
MOJIy4YEHO COOTHOLUEHHWE AJIA pacyeTa paclpenesieHus TEMIIEpaTyphl IO MOBEPXHOCTH OKpYKarollen
obomnouku. [Ipeanoxennas MaTeMaTHUeCKasi MOJIENb U aJlTOPUTM €€ PEeIICHUs peaHa3HaYeH [T Ipo-
BEJICHUS B MHXXCHEPHBIX pacyeTax TeIIOOOMEHHBIX allapaToB M TOIUIMBHBIX CTEP)KHEH SJIEPHBIX pe-
aKTOPOB, MCTIOJIb3YIOIIUX KAHAJIBI AIITUITUYECKON (POPMBI.
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Abstract. The processes of heat exchange and the resulting mass transfer currently play an important
role both in the technical field and in nature. The temperature regime of the environment directly de-
pends on this group of processes. In addition, this group of processes determines the working process in
various kinds of technological installations. This leads to the active development of the theory of heat
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transfer, especially in recent decades. The active development of the theory is also conditioned by the
needs of such spheres of human activity as cosmonautics, thermal power engineering, and nuclear energy.
Thus, thermal processes and phenomena are the most common after mechanical motion. The discovery
of processes and laws of thermal phenomena made it possible to effectively use them in the develop-
ment of practical technical solutions, as well as in the design of heat engines and specialized installa-
tions.

The main provisions of the theory of heat and mass transfer have been developed for a long time. In the
mathematical theory of thermal conductivity, an important place is occupied by studies of heat transfer
processes in solids with a cylindrical channel, the surface of which is subject to a given mode of ther-
mal action. Separately, heating elements made in the form of a cylinder can be distinguished. Such ele-
ments have great mechanical strength and are widely used in heat exchangers. They can be both electrical
and fuel-generating elements of a nuclear reactor.

Elliptical tube heat exchangers occupy a special place. Elliptical tube heat exchangers are increasingly
being used in various industrial products. Their peculiarity lies in the fact that by manipulating the
length change of the semi-axes of the ellipse, it is possible to obtain accurate analyses of stationary
thermal conductivity problems for a very wide range of shape changes: from a cylinder (the semi-axes
of the ellipse are equal) to a thin plate (one of the semi-axes significantly exceeds the other).

However, the temperature distribution in a body of elliptical cross-section under given boundary condi-
tions has not been sufficiently studied. The paper calculates the temperature field of the cylinder and
the elliptical cross-section shell surrounding it under boundary conditions of the fourth kind. It is as-
sumed that the thermal contact between the solid—coating system is ideal. The boundary conditions are
set by the law of heat exchange between the shell surface and the environment. The ellipses in question
are confocal. At the same time, the task itself is stationary. The solution is found analytically when
moving to the elliptical coordinate system. From the solution, a ratio is obtained for calculating the
temperature distribution over the surface of an elliptical channel. The proposed mathematical model
and its solution algorithm are intended for engineering calculations of heat exchangers and fuel rods of
nuclear reactors using elliptical channels.

Keywords: heat transfer, temperature field, elliptical cross section, boundary conditions of the third
kind, boundary conditions of the fourth kind, elliptic integral
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Ocoboe MecTo 3aHMMAIOT TEINIOOOMEHHHKH C DJI-
JIANITHYECKIMHU TpyOamMu. DIDTHIITHYECKUE TpyOda-
ThIE TETFIOOOMEHHWKH HaXOMSAT BCE OOJbINEE TPH-
MEHEHHUE B Pa3IMYHBIX MMPOMBIIIICHHBIX U3/ICIHAX.
[Tpu 5TOM B TEXHHKE YacTO UCIOIB3YIHOTCS MHOTO-
CIIOMHBIE CUCTEMBI, COCTOSIIINE U3 Pa3HBIX MaTEpH-

1. Beenenue

[Ipouiecch! TermnooOMeHa 1 BBITEKAIOLIETO U3 HETO
MaccoOOMEHa BBIMONHSIOT HAa CETOIHSIIHUNA JEHb
BAXHYIO pOJb KaKk B TEXHUYECKOH cdepe, Tak U B
npupone. OT AaHHOM TIpymmbl NPOLECCOB HAIps-
MYIO 3aBUCHT TEMIIEPATypPHBII PEXKUM OKpYKaroIiei

cpenpl. [TomMrMo 3TOTO, TAHHAS TPYIIA MPOIECCOB
ompeniensieT paboumid MpoLecc B Pa3IMYHOTO poja
TEXHOJIOTHYECKUX YCTAaHOBKAX. JTO 00yCIIaBIHBAET
aKTHBHOE Pa3BUTHE TEOPHH TEIUIOOOMEHA, OCOOEH-
HO B TCYCHHE TIOCIICTHUX ICCATHICTHIH. AKTHBHOE
pa3BUTHE TEOPHU TAKKE OOYCIIOBIICHO MOTPEOHO-
CTAMH TakuxX c(ep >KU3HEACATEITHHOCTH YeNIOBEKa
KaK KOCMOHABTHUKA, TEIUIODHEPreTHKa, aTOMHasI SHep-
rus [1].

anos [2—-11].

B paborax aBropa [1, 12—17] momydeHs! perie-
HUSI YPaBHEHUS TEIUIONPOBOJHOCTU B AJUIMITHYE-
CKUX KOOpAMHATaxX JJIsi OJHOTO Teja MpPU Pa3HBIX
rpaHuYHBIX ycnoBusax. B cratbe [18] paccmarpu-
BAJICS HECTALIMOHAPHBIA HAarpeB 3JUTUITHYECKOTO
KonbLa. Ha ero BHyTpeHHeW MOBEPXHOCTU 3a]laBa-
JIUCb TPaHUYHBIE YCIIOBHSI MEPBOTO WM BTOPOTO
pona. Ha BHemIHEN MOBEPXHOCTH AIUTUITHYECKOTO

THERMAL PROCESSES IN ENGINEERING

167



TENNOBbIE NPOLECCHI B TEXHUKE. 2026. T. 18. N2 4

KOJIbIIa 3a/laBajlachk IIOCTOSIHHAsl Temieparypa (To
€CTh YCIIOBHSI TIEPBOTO poja). YpaBHEHHE TEIUIo-
MIPOBOJHOCTH PEIIAIIOCH C UCIOJIB30BAHUEM PSI0B
@yppe M METOAOB pa3lciICHUsI NMEPEMEHHBIX. Pe-
3yJIbTaThl MPEJICTABICHBI B BUJIE psijia 1O (DYHKLIUSAM
Marse. [19] TennonpoBoAHOCTh B ILIUITHYECKOM
KOpITyCe ¢ BHYTPEHHUM HCTOYHHUKOM Teruia. Cie-
JIyeT OTMETHTh paboTy [ omemOmoBckoro m 3a-
peMOsI [20], B KOTOPOH TpE/ICTaBIIEH aHAIMTHKO-
YUCJIEHHBI METOJl UTEpalUu JJs ONpeAcICHUs
CTaILIOHAPHOI'O ABYMEPHOI'O TEMIIEPATYPHOTO HOJIA
B MHOTOCJIOWHOM JUIMIITHYECKOM LIWJIMHJPE C Ipa-
HUYHBIMH YCIIOBUSIMU TPETBETO POJiA, YTO MOJYEp-
KHMBAaeT aKTyaJIbHOCTb JAJIBHEHUIIErO pa3BUTHS aHa-
JIUTUYECKHUX TOJIXO/I0B Ul CHCTEM MOJ0OHOM Teo-
METPUH.

OcHOBHOI 3ajaueil naHHOW paboThl SIBISETCS
HAXOKJEHUE PACIIPEACIICHHUS] TEMIIEPaTypHOrO MOJIS
LWINHAPA € SJUTMITUYECKUM TOIEPEUHbIM CEUEHHU-
€M C BHYTPEHHUM HCTOYHHMKOM TEIUIOTBI, a TAKXkKe
OKpyatolieil ero obonouku. [Ipu 3Tom npeamnona-
raercsi, YTO TEIUIOBOM KOHTAKT MEXAY LIMIMHIPOM
1 000JIOUKOM B CHCTEME TBEPJOE TEJIO — MOKPHITHE
siBIIsieTcs uaeanbHbM [21]. Taxoke Mexmy 0001049-
KOM U OKpyXarolleld cpeloll MPOUCXOAUT KOHBEK-
TUBHBIN TermiooOMeH no 3akoHy Herotona. Ilpu
9TOM CaMma 3a/]a4a BJISIETCS CTAMOHAPHOM.

Hayunas HOBU3HA UCCIENOBaHUS 3aKJIIOYAETCS
B TOM, YTO B pabOTe YUTEHbI 'PAHUYHBIC YCIIOBUS
YETBEPTOr'0 pojia, a CaMo pEIIECHHE IMOJy4YEHO aHa-
JIUTUYECKH.

2. MarepuaJjibl 4 METOIbI

B kauectBe Martepuana uCCIEIOBaHHUSA HUCIOIb-
30BaHBI IyOJIMKAIMN B HAYYHBIX JKypPHAJIAX TI0 TEME
cratbu. PelieHne nmocTaBieHHON 3a/1a4 POBOAUTD-
Csl aHAJIMTUYECKU TPH MEPEXo/ie OT AEKapTOBOl CcU-
CTEMBI K CHUCTEME DIUIMNTUYECKUX KoopauHat. Oc-
HOBHBIMH METOJIaMU PEIICHUS SIBISIOTCS METO/T
T depeHIIMPOBaHNS, UHTETPUPOBAHUS], MOJICTAHOB-
KU U pa3JIo’KeHHUs B P,

3. Pe3yabTaThl

B pemienun, B kayecTBe 31€MEHTa KOHCTPYKIUH
paccMmaTpuBaeTcs IMITMHAP OSCKOHEYHOM JUTHBI, Ce-
YeHHe KOTOPOTo MPECTaBIsIeT COOOH AIUIUIIC C TO-
JyocsiMU a1 U b1, BHYTpH KOTOPOTO JIEHCTBYET HC-
TOYHHK TEIUIOTHI C YAEIBbHOW MOIIHOCTH ¢,. [Ipm
9TOM UIMINTHYECKUN LWINHIP OKPYKEH HIUIMITH-

4eCcKOi 000JI0UKOM, Ha TIOBEPXHOCTH KOTOPOH TIpO-
MCXOJIUT KOHBEKTHBHBIN TEIUIOOOMEH C OKpYXKaro-
el cpenoi (puc. 1).

Puc. 1. DmumnTraeckuid AIHHIP B 000JI0UKE

Uro0ObI HAlTH pacrpesiefieHrue TeMIIepaTyphl o
CEUCHUIO ITWINHAPA, HEOOXOIMMO PeruTh nudde-
peHImanbpHOe ypaBHeHue [lyaccoHa B 4acTHBIX MPo-
W3BOJTHBIX B BUJIE:

q
AT +4 =0, 1
i ()

rie: A1 — K03(h(QUITUEHT TemIoNPOBOIHOCTH MaTe-
pHuaia mIMHIpA.

TemmnepaTypHoe Tojie 000JI0YKH OMUCHIBACTCS
CJIEYIOIUM ypaBHEHUEM

AT =0. @)

[Tpu 3TOM TIpH TemI00O0MEHE TPaHHYHBIE YCIIO-
BUS SIBJISIFOTCS] TPAaHUYHBIMHU YCJIOBUSIMH YETBEPTOTO
pona. B aTtoMm cimyyae Temmeparypbl CONpPUKAcaro-
HIMXCS IOBEPXHOCTEN OIMHAKOBBI

2 2 = 2 2
T1|X +y2:1 T2x2+y =1’ (3)

2 2
aj b aj bj

rae 71 u 1> — TeMneparypsl MWIMHIPA © 000JIOUKH
COOTBETCTBEHHO. A TaKXXe JIOJDKHBI OBITH OJMHA-
KOBBI TEIUIOBBIE MIOTOKH HA TPAHULIE UX pa3zaena

A an)
dn dn

7 22
27,2
1 a b

)

rre: A2 — Kod(hUIMEHT TEIUIONPOBOIHOCTH MaTe-
pHana, 13 KOTOPOro U3rOTOBJIEHA 000JIOUKA.
Takxe Ha MOBEPXHOCTH OOOJOYKH TPOUCXOHUT
KOHBEKTHBHBIN TETJIOOOMEH C OKPY>KaFOIIEH Cpesioi
dT,
e =a(T,-T,)
2| 2T ()

Ty
a b

rne: To— TeMriepaTtypa OKpy>Karomeil cpepl.
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Jnst mosmydeHns: COOTHOIIEHHS!, OTMCHIBAIOIIETO
TeMIIepaTypHOe TOJie IWIMHIpA, TepeiiieM K -
JIMIITUYECKON CHCTEME KOOpAWHAT. Y paBHeHue | [yac-
cona (1) B aIuTMIITHYECKUX KoopAuHaTax (u, v) nMe-

et Buz [16]
1 o’T . T q .
c’(ch’u—cos’v)\ ou® oV A ©)

e ¢ =+a; —b .

IToncranoBka Buza [17]

2
T=U(,u,v)—%(sh2,u+coszv) (7)

1

npeoOpa3yer ypaBuenue Ilyaccona (6) B ypaBHeHuUE
Jlarmmaca

o'U
ov’

o’U
ou’

=0. ®)

Pemenne ypaBHenust (8) Oynem MCKaTh B BHIE
psina

Uu,v)=

= 3 A, chnpucosnv + B,shnusinnv). ©)
=0

N3 coobpaxkeHHiA CHMMETPHH CIIEITyeT MOJI0KUTh
B, =0, Torna

TOrza

0 2
q.c 2 2\ _
Z:Anchn,u1 cosnv—ﬁ(sh M, +cos V)—

n=0 1

) (14)
= z D,chnyy cosnv + E .
n=0

Otkyza BeIpayKeHUE AJIs ONPEAEIIEHUs] TeMIIepa-
TYPHBIX MOJIEH IUIMHIPA U 000JIOYKH MIPUMYT BU

T,(u,v) = Ach2 ucos2v —

2 15
—ﬂ(shz,u+coszv)+C, (15)

44,
T,(u,v)=Dch2ucos2v+ Eu+F, (16)

I C y4EeTOM TPUTOHOMETPHIECKUX (PopMyIT KOd(-
¢urmentsl C v A paBHBI

2
q.c

C=F+Eu +
H ry)

s
(sh,ul+2j, (17)

1

2

q.¢

A4=—2°__4p (18)
81,ch2y

Tenepr Bocmonb3yemcs yciaoBueM (4), KoTopoe
B JUTUNITHYCCKMX KOOPIUHATAX UMEET BH/T

) A
U(u,v)= z A,chnycosnv. (10) C\/Chz,ul—coszv ou -
n=0 ‘ (19)
B sTOM ciydae BbIpakeHHE JUISI OMPEICIICHUSI __ ) o7, |
TEMIIEPATYPHOTO OIS IIMITHH/IPA IPHUMET BUJT c+/ch? 1 —cosv Ou ’
H=1h
T(u,v)= ZA,,chny cosny — Nmeem
" (11) 2
2 QVC Shzlul _
_ZV; (shz,u+cos2v). —2/11Ash2,ulcos2v—T— 20)
1 =, [-2Dsh2pcos2v + E|.
Pemenne ypaBuenwus Jlamraca (2) Oymem uckath
B BUJIE Otkyna
% A
Tz(y,v):ZDnchnycoanJrE,u. (12) Az;t—zD, 1)
n=0 1
Bocnons3yemcs ycnoBueM (3), KoTopoe B 3I- g,c>sh2
JIANTHYECKUX KOOPAUHATAX UMEET BHJI E= —VTI . (22)
2
T, =T,
1|u:u1 2 |u:m ’ (13) Torna ocranbHbie KOA()GHUIUECHTHI PABHBI
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2
Fzﬂ{M_i[sth +%H+C,(23)

41 2, 4
2
q,c
D= , 24)
8ch2u, (4, —A,)
q,c° 4,
. (25)

A= :
8A,ch2p, (22 _11)

Tenepr Bocmonbzyemcs ycioBueM (5), koTopoe
B JUTUNTHYCCKUX KOOPIUHATAX UMEET BH/T

Ao
c\/chz,u2 —cos’v Ou Lw , (26)
=a(l,-T))
TorIa
_h ! y
a c\/chzu2 —cos’v
27)

x[-2Dsh2u, cos2v + E| =
=Dch2u, cos2v+ Eu, + F —T,.

Jns yrpomeHust JalbHENIINX BBIYUCIICHUH pas-
JI0KMM MPPALMOHAIBHOE BBIPAXKEHHE B PSIJT

\/chzy2 —cos’v =

a o . (28)
=4 Z a,, cos 2nv.

n=1

Camu KO3(DUITMEHTHI @2, OMPEICIIAIOTCS TIO
bopmyie

2 T
a,, = ;i\/chz,uz —cos’ v cos2nvdy =

:2chy2 B 2n+1’l y
T 2 2

29)

2l L 1)
2 2 ch™u,
2n—-1 3 2n—-1 1 1
_an( n2 ,2ij(n2,—2,n+l,chz/uzj+...:|,

rne: B(y,z) — Osra-pynkmms, Fi(y,z,m;k) — ranep-
reomerpudeckas pyHkuus. B atom ciaydae dpopmy-
na (27) mpumer B

—&[—2Dsh2,u2 cos2v+E| =
C
:%""Dchzy2 cos2v+%’°(E,uz +F-T))+

® (30)
+aDch2 u, Z a,, cos2nv cos2v +

n=1
+a (Eu, +F—T0)icos2nv,
n=0

Y HHTErpHUpys 1o yriry v ot 0 10 7, IOTyYnM

—ﬁfzzz”_za‘l)chzﬂ2 + % (B, +F-T,), 31)
c
OTKyZ1a
2
C=T,+2L¢ L(Sh2,ul +lj+
4 |2, 2
(4 —p)sh2p, 2sh2y _
+ p) + (32)
) aca,

B ch2y,
2ch2 (12 —ll) '

Torna BelpaskeHME JUIsl ONPENENICHUs TeMIepa-
TYPHOTO TOJIS IIWJIMHAPA TPUMET B

2
T(v) =Ty +

" 1 A,ch2u
24, ch2,u1(/12—11
N sh’ —sh’u N sh2
A, A,

2sh2y, ch2y,
aca,  2a,ch2u (A -2,) |

) - 1} cos2v +
(33)

(4, — ) +

a Ju11 000JI0YKH

2
R

y ch2ucos2v sh2
2ch2u (A =2,) 2,

ch2u, }

(4, — ) + (34)

N 2sh2yp,
aca,

2a,ch2 (A, — Ay)
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4. OdcyxneHune

Kak criemyer u3 moiydeHHBIX BbIpaxeHuid (33)
u (34) TemneparypHoe ToJie IHIHHAPA U 000JIOUYKH
MO YTy MEHSETCS 10 3aKOHy KOcuHyca. Takxke
MO>KHO TOJTYYUTh PACTIPECICHHE TEMIIEPATYPBI 110
TIOBEPXHOCTH AIUTHNITHYECKON 000T0UKA 7106

Lo (V) =Ty +

g.c> | ch2u, (ao cos2v — 1) N 2sh2, | (35)
4 | 2a,ch2u (4 —2,) '

aca,

[IpousBeneM MpoBepKy MOIYYEHHOTO PELICHUS.
PaccmoTpuM citydail OTCyTCTBHSI BHYTPEHHETO HC-
TOYHMKA TEIUIOTHL. B 3TOM citydae Temmeparypsl 1iy-
JMHIPa | 000JIOUKU OYAyT OJMHAKOBBIMH TIO CeUe-
HUIO ¥ PaBHBI TEMIIEpAType OKpY Karouien cpeapl 1o.

Janee Ui HarsIHOCTH M300pa3uM TOBEJCHHE
TEMIIEPAaTYPHOTO TOJISL Ul IBYX TeN O HUX cede-
Huto (puc. 2). s sroro 3adpukcupyem yron v. B
cllydae v = 7/4 BbIpaXEHHE ISl ONIPE/ICIICHUS TEM-
NIePaTypPHOT'O TOJIsl IWITMHIPA TPUMET BH/T

2 2 2
Tl(ﬂ)zm%ﬂwshm

h2 2sh2 h2 (39)
s c
A )+ A a :

A, aca,  2ach24(4—2,)

a Ju11 000JI0YKH

¢’ | sh2
Tz(u>:To+‘14 Sy — )+

A,
G37)
N 2sh2py, ch2,
aca,  2a,ch2p (2, - 2,))

n

Puc. 2. T'paduk noseseHus TeMIiepaTypHOro oyt LAIMHAPA U 000-
JIOUKH IIpH v = /4

Kak Bumgmm, TemmepaTypHoe Tosie 000I0UKH Me-
HSICTCS JIMHEHHO.

J171st IpriMEHEHMST TTOTTYYeHHBIX (OPMYIT B WHKE-
HEPHBIX pacyerax MepeiieM K JAEKapTOBBIM KOOp-

JIMHATaM 10 CJISAYIOIUM (hopMyiamMm
x=acosv =cchucosv, (38)
y=bcosv =cshusinv. (39)

Tor/:[a BBIPAXKCHUC IJIA OIPCACIICHUA TCMIICpaA-
TYPHOTI'O IIOJIA HWIMHAPA B ACKAPTOBBIX KOOPAWHA-
Tax MpUMET BUI

2
q.,¢

L, y) =Ty +

X ! ,12(XZ_402) —2(xj2+1 +
22\ 8(2a" =) (A -4,

2 2
+bl2 b +—2f1b1 arsh(ﬁj—arsh(ﬁj +
cA, cA, c c

4a,b, 2a; ¢’

ac’a, - 2a, (2(112 —cz)(ﬂ2 —ﬂ,l) ’

X

a Ju1 000JI0YKU

2 2 2

q.c x"—4c
T(x,y)=T,+ +
(%y) =T, 4 [8(2a12—c2X2,2—11)

+ 2?—1b1 (arsh (b—zj —arsh (én +
cA, c c

4a,b, 2a; —c*

ac’a, 2a,(2a}~c*)(A—2,)

(41)

b

2

2
rie x—2+;:—2=1, b=+a*-c*.
a

5. 3akiouenue

B Hacrosmiei paboTte moydeHo perieHne 3aaadn
0 pacHpeieNeHNH TEMIIEPATYPHOTO MOl [IIUH/PA
C 2JUIMITHYECKUM IONIEPEYHBIM CEYEHUEM U OKpPY-
KAIOIIEH ero 000JI0YKH NPH TPAHUYHBIX YCIOBHAX
TPETHEr0 W YETBEPTOro poja. Permenue momydeHo
JUI CTALIMOHAPHOTO CIyYasi B CUCTEME 3JUIMIITHYE-
CKHMX KOOpAHWHAT. YCTaHOBJEHO, YTO TEMIEpaTyp-
HOE TI0JIE M0 YIJIy 00OMX Tel MEHSETCS M0 3aKOHY
KocuHyca. Takxke B pe3yibTare pelieHus 3aJadu
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MOJTy4EeHO COOTHOIIECHHUE JUIS pacdeTa pacrpesere-
HUS TEMIIEPATYpPHI 110 TOBEPXHOCTH ILTUITHIECKOM
cTeHKH. MaTemaThdecKkast MOZEIb, MPEe/ICTaBICHHAS
B paboTe, W TOyYeHHBIE COOTHOIICHHS TpeIHA3HA-
YeHbl JUIs pacuera TeMIepaTypHOro MoJjisl Terio00-
MEHHBIX aIapaToB, COTHEYHBIX KOJUIEKTOPOB H TOII-
JIMBHBIX CTEP)KHEU SIIEPHBIX PEaKTOPOB, HCIOJB3Y-
IOIIMX KaHAJIBI AIUTUITHYECKOH (POPMBI.
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