
179Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò. 29. ¹ 2 Aerospace MAI Journal, vol. 29, no. 2

È. Áàêðè I. Bakry

© Áàêðè È., 2022

Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. 2022. Ò. 29. ¹ 2. Ñ. 179-188.
Aerospace MAI Journal, 2022, vol. 29, no. 2, pp. 179-188.

Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 531
DOI: 10.34759/vst-2022-2-179-188

ÏÐÈÁËÈÆ¨ÍÍÎ-ÎÏÒÈÌÀËÜÍÛÉ ÄÈÑÊÐÅÒÍÛÉ
ÇÀÊÎÍ ÓÏÐÀÂËÅÍÈß ÑÏÓÑÊÎÌ ÊÎÑÌÈ×ÅÑÊÎÃÎ ÀÏÏÀÐÀÒÀ

Ñ ÀÑÈÌÌÅÒÐÈÅÉ Â ÀÒÌÎÑÔÅÐÅ ÌÀÐÑÀ

Èáðàãèì Áàêðè

Ñàìàðñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Ñ.Ï. Êîðîë¸âà
(Ñàìàðñêèé óíèâåðñèòåò),
Ñàìàðà, Ðîññèÿ
ibrahimbakry0@gmail.com

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ äèíàìè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ äâèæåíèå êîñìè÷åñêîãî àï-
ïàðàòà ñ íåìàëîé àýðîäèíàìè÷åñêîé è ìàëîé ìàññîâîé àñèììåòðèåé îòíîñèòåëüíî öåíòðà ìàññ â
ðàçðåæåííîé àòìîñôåðå Ìàðñà. Öåëüþ ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå ïðèáëèæåííîãî äèñêðåòíîãî
îïòèìàëüíîãî çàêîíà óïðàâëåíèÿ îðèåíòàöèåé êîñìè÷åñêîãî àïïàðàòà. Ïðè ýòîì â ðàáîòå áûëè
èñïîëüçîâàíû ìåòîä äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ Áåëëìàíà è ìåòîä óñðåäíåíèÿ. Ðåøåíèÿ
äèñêðåòíîé ñèñòåìû óðàâíåíèé äâèæåíèÿ áûëè íàéäåíû ìåòîäîì Z-ïðåîáðàçîâàíèÿ. Òî÷íîñòü
ïîëó÷åííûõ ðåçóëüòàòîâ ïîäòâåðæäåíà ÷èñëåííûìè ðåçóëüòàòàìè èíòåãðèðîâàíèÿ èñõîäíûõ óðàâ-
íåíèé.
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Abstract

The spacecraft orientation stability these days is of utter importance for both public and private space
agencies and companies. The growing interest to the Red Planet increases the number of space missions,
which include orbital apparatuses, landers or Mars rovers. Since 1960s up to now, more than forty nine
missions were sent to Mars from different countries. The majority of them end in failure, either fly far away
from the Mars orbit (did not enter an orbit), crash upon its surface, do not reach the target, or connection
is being lost prior to the target reaching. This indirectly indicates errors at the stages of navigation, control,
stabilization or design.

The following missions are the example of failed missions to Mars, which are either lost or crashed due
to failures in the navigation system, or incorrect orientation. They are 1M, 2M, 2MV, 3MV and 3MS (1960-
1971), Mars-1 (1962), Mars-2 lander (1971), Mars-6 and Mars-7 landers (1973), Phobos-1 (1988), Mars
Observer (1992), Mars-96 (1996), Mars Polar Lander (1999), Deep Space-2 (1999), Beagle-2 (2003),
Yinghuo-1 (2011), Schiaparelli EDM lander (2016).

The presented article considers a dynamic model describing the spacecraft perturbed motion as a rigid
body with significant aerodynamic and mass asymmetries relative to the spacecraft center of mass in the
rarefied atmosphere of Mars.

The purpose of this work consists in obtaining an approximate discrete optimized control law of a
spacecraft attitude employing dynamic programming and averaging methods. The system of quasi-linear
equation was considered and averaged to obtain a simpler system of equations, which can be modeled applying
the dynamic programming method.

Optimal control laws were determined based on the quadratic optimization criterion by Bellman principle,
and, besides, the system of discrete equations, employing analytical Z-transform, reverse Z-transform and
numerical discrete Euler method, was developed and solved. Reliability of the obtained analytical control
laws is being confirmed by the results of numerical integration by the numerical Euler Method.

Euler method integration was being performed employing fixed and variable integration steps. The results
obtained with a variable step appeared to be more exact than those obtained with the fixed step with the
Z-transform method. The conversion behavior of both the angle of attack and the angular velocity at
comparing them with the found solutions while similar studies for a significant aerodynamic and inertial
asymmetry relative to the center of mass come closer to the results of this study.

The numerical results of this work confirm that the obtained approximate discrete expressions for control
optimization ensure the in angular velocity and spatial angle of attack reduction to the required small values
in a time commensurable with the time from the free movement start of the spacecraft uncontrolled descent
to the braking parachute system initializing.

By applying these laws to a lander with asymmetries in both vehicle aerodynamics and mass, the values
of angular velocity and the angle of attack will converge to zeros enforcing the stabilization.

The practical significance of the obtained discrete laws of the two-channel control is being confirmed
by application of the small jet engines running in discrete mode.

Keywords: optimal orientation control with Bellman method, discrete orientation control, aerodynamic
and mass asymmetry, motion in Marts atmosphere
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in Mars Atmosphere. Aerospace MAI Journal, 2022, vol. 29, no. 2, pp. 179-188. DOI: 10.34759/vst-2022-
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Ââåäåíèå

Çàäà÷à ñïóñêà êîñìè÷åñêîãî àïïàðàòà (ÊÀ) â
ðàçðåæåííîé àòìîñôåðå Ìàðñà ÿâëÿåòñÿ îäíîé èç
íàèáîëåå òåõíè÷åñêè ñëîæíûõ è àâàðèéíî-îïàñ-
íûõ çàäà÷ ñîâðåìåííîé êîñìîíàâòèêè. Â ÷àñòíî-
ñòè, â ïðîöåññå àòìîñôåðíîãî ñïóñêà íàáëþäà-
åòñÿ äåéñòâèå íà àñèììåòðè÷íûé ÊÀ ðàçíîîáðàç-

íûõ âîçìóùàþùèõ àýðîäèíàìè÷åñêèõ ìîìåíòîâ.
Ïðè ýòîì âîçìóùàþùèå ìîìåíòû ìîãóò áûòü
âûçâàíû, íàïðèìåð, àýðîäèíàìè÷åñêîé è ìàññî-
âîé àñèììåòðèåé ÊÀ. Èçâåñòíî, ÷òî ìîìåíòû îò
àñèììåòðèè ìîãóò ïðèâåñòè ê àâàðèéíûì ñèòó-
àöèÿì ïðè ââîäå â äåéñòâèå òîðìîçíîé ïàðàøþò-
íîé ñèñòåìû [1].
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Â ñòàòüÿõ [2, 3] ïðîâåäåíî ÷èñëåííîå ìîäåëè-
ðîâàíèå ñ öåëüþ îïðåäåëåíèÿ äèàïàçîíà äîïóñ-
òèìûõ îãðàíè÷åíèé ïàðàìåòðîâ ñìåùåíèÿ öåí-
òðà ìàññ êîñìè÷åñêîãî àïïàðàòà, öåíòðîáåæíûõ
ìîìåíòîâ èíåðöèè è àýðîäèíàìè÷åñêîé àñèììåò-
ðèè. Â ðåçóëüòàòå áûëà ïðåäëîæåíà ìåòîäèêà
îïðåäåëåíèÿ îáëàñòè äîïóñòèìûõ çíà÷åíèé äàí-
íûõ âèäîâ àñèììåòðèè ïðè äâèæåíèè êîñìè÷åñ-
êîãî àïïàðàòà â àòìîñôåðå ñ ìàëîé íà÷àëüíîé óã-
ëîâîé ñêîðîñòüþ âðàùåíèÿ îòíîñèòåëüíî ïðî-
äîëüíîé îñè. Â ñòàòüå [4] áûëè èññëåäîâàíû áàë-
ëèñòè÷åñêèå àñïåêòû ïðîáëåìû óïðàâëåíèÿ ÊÀ
â àòìîñôåðå Ìàðñà. Â äàííîé ðàáîòå ïðîâîäèë-
ñÿ àíàëèç èçìåíåíèÿ êðèòåðèåâ îïòèìàëüíîñòè
â çàâèñèìîñòè îò çíà÷åíèé àýðîäèíàìè÷åñêîãî
êà÷åñòâà, ïðèâåäåííîé íàãðóçêè íà ëîáîâóþ ïî-
âåðõíîñòü è ìàêñèìàëüíî äîïóñòèìûõ çíà÷åíèé
ïåðåãðóçêè. Â ðåçóëüòàòå áûëà îáîñíîâàíà íåîá-
õîäèìîñòü ïðèìåíåíèÿ óïðàâëÿåìûõ ÊÀ äëÿ
îáåñïå÷åíèÿ òðåáîâàíèé ê çíà÷åíèÿì ôèçè÷åñ-
êè ðåàëèçóåìîãî êîðèäîðà âõîäà. Ýòè ðåçóëüòà-
òû ìîãóò áûòü èñïîëüçîâàíû ïðè âûïîëíåíèè
ïðîåêòîâ èññëåäîâàíèÿ Ìàðñà è äðóãèõ ïëàíåò.

Â ðàáîòå [5] îïèñûâàþòñÿ ðåçóëüòàòû ïîëíîãî
êîìïüþòåðíîãî ìîäåëèðîâàíèÿ ïîñëåäîâàòåëüíî-
ñòè âõîäà, ñïóñêà è ïîñàäêè íàó÷íîé ëàáîðàòî-
ðèè Ìàðñà â èññëåäîâàòåëüñêîì öåíòðå ÍÀÑÀ.
Ïðè ýòîì äàííûå, ïîëó÷åííûå â ðåàëüíîì ïîëå-
òå, ïðè óñïåøíîé ïîñàäêå êîñìè÷åñêîãî àïïàðà-
òà, ñðàâíèâàþòñÿ ñ ïðåäïîëåòíûìè ñòàòèñòè÷åñ-
êèìè ðàñïðåäåëåíèÿìè, ïðåäñêàçàííûìè ÷èñëåí-
íûì ìîäåëèðîâàíèåì [5]. Òàêèå ñðàâíåíèÿ äàþò
ïðåäñòàâëåíèå êàê î òî÷íîñòè ìîäåëèðîâàíèÿ,
òàê è îá îáùåé ïðîèçâîäèòåëüíîñòè òðàíñïîðò-
íîãî ñðåäñòâà [6].

×èñëåííîå ìîäåëèðîâàíèå äèíàìèêè è óïðàâ-
ëåíèÿ óãëîâûì óñêîðåíèåì âîçâðàùàåìîãî êîñ-
ìè÷åñêîãî àïïàðàòà ñ ìàëîé àñèììåòðèåé â àò-
ìîñôåðå èññëåäîâàíî â ðàáîòàõ [7, 8]. Ê êîíå÷-
íîì èòîãå, áûëà îïðåäåëåíà ìåòîäèêà ïîñòðîå-
íèÿ îáëàñòè äîïóñòèìûõ âåëè÷èí ïàðàìåòðîâ
àñèììåòðèè ÊÀ ïðè äâèæåíèè â àòìîñôåðå Ìàð-
ñà. Â ðàáîòå [9] ðàññìàòðèâàëàñü äèíàìè÷åñêàÿ
ìîäåëü, îïèñûâàþùàÿ âîçìóùåííîå äâèæåíèå
ÊÀ êàê òâ¸ðäîãî òåëà ñ íåìàëîé àýðîäèíàìè÷åñ-
êîé è èíåðöèîííîé àñèììåòðèåé îòíîñèòåëüíî
öåíòðà ìàññ â ðàçðåæåííîé àòìîñôåðå Ìàðñà íà
áàçå óñðåäí¸ííîé ñèñòåìû êâàçèëèíåéíûõ óðàâ-
íåíèé äâèæåíèÿ. Â ðåçóëüòàòå áûëè ïîëó÷åíû
îïòèìàëüíûå çàêîíû óïðàâëåíèÿ óãëîì àòàêè è
óãëîâîé ñêîðîñòüþ ÊÀ.

Èçâåñòíî, ÷òî ñëåäóþùèå ìàðñèàíñêèå êîñ-
ìè÷åñêèå àïïàðàòû: «Ìàðñ-1 (1962)», «Ôîáîñ-1

(1988)», «Mars Observer (1992)», «Mars Polar
Lander (1999)», «Deep Space-2 (1999)», «Áèãëü-2
(2003)», «Ñêèàïàðåëëè (2016)» — áûëè ïîòåðÿíû
èëè ðàçáèëèñü î ïîâåðõíîñòü Ìàðñà (ñïóòíèêîâ
Ìàðñà) ïî ïðè÷èíå ñáîåâ â íàâèãàöèîííîé ñèñ-
òåìå èëè íåïðàâèëüíîé îðèåíòàöèè [10—13].

Àêòóàëüíîñòü äàííîé ñòàòüè çàêëþ÷àåòñÿ â
ðàçðàáîòêå äèñêðåòíîãî îïòèìàëüíîãî äâóõêà-
íàëüíîãî çàêîíà óïðàâëåíèÿ óãëîâîé ñêîðîñòüþ
è ïðîñòðàíñòâåííûì óãëîì àòàêè êîñìè÷åñêîãî
àïïàðàòà íà ó÷àñòêå åãî ñïóñêà â ðàçðåæåííîé
àòìîñôåðå Ìàðñà ñ âûñîòû 100 êì äî ðàñêðûâà-
íèÿ åãî ïàðàøþòà íà âûñîòå 10 êì. Ðàññìàòðè-
âàåòñÿ äèíàìè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ âîç-
ìóùåííîå äâèæåíèå êîñìè÷åñêîãî àïïàðàòà êàê
òâ¸ðäîãî òåëà ñ íåìàëîé àýðîäèíàìè÷åñêîé àñèì-
ìåòðèåé è ìàëîé ìàññîâîé àñèììåòðèåé îòíîñè-
òåëüíî öåíòðà ìàññ â ðàçðåæåííîé àòìîñôåðå
Ìàðñà. Ïðè èññëåäîâàíèÿ óïðàâëÿåìîãî äâèæå-
íèÿ ÊÀ îòíîñèòåëüíî öåíòðà ìàññ ïðîèçâîäèò-
ñÿ ëèíåàðèçàöèÿ èñõîäíîé ñèñòåìû êâàçèëèíåé-
íûõ óðàâíåíèé äâèæåíèÿ.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå
ïðèáëèæåííîãî äèñêðåòíîãî îïòèìèçèðîâàííîãî
äâóõêàíàëüíîãî çàêîíà óïðàâëåíèÿ îðèåíòàöèåé
êîñìè÷åñêîãî àïïàðàòà (ïðîñòðàíñòâåííûì óãëîì
àòàêè è óãëîâîé ñêîðîñòüþ). Ïðè ñèíòåçå äèñê-
ðåòíîãî óïðàâëåíèÿ ïðåäïîëàãàåòñÿ èñïîëüçîâàòü
ìåòîä äèíàìè÷åñêîãî ïðîãðàììèðîâàíèÿ (ïðèí-
öèï Áåëëìàíà) [14] è ìåòîä óñðåäíåíèÿ [15].
Ïðåäïîëàãàåòñÿ, ÷òî óïðàâëåíèå ïðîñòðàíñòâåí-
íûì óãëîì àòàêè è óãëîâîé ñêîðîñòüþ ïðîèçâî-
äèòñÿ ïîñðåäñòâîì áîðòîâûõ ðåàêòèâíûõ äâèãà-
òåëåé ìàëîé òÿãè.

Ìàòåìàòè÷åñêàÿ ìîäåëü

Â ñòàòüå ïðèìåíÿþòñÿ êâàçèëèíåéíûå óðàâ-
íåíèÿ äâèæåíèÿ àñèììåòðè÷íîãî êîñìè÷åñêîãî
àïïàðàòà îòíîñèòåëüíî öåíòðà ìàññà â àòìîñôåðå
[16, 17]. Ïðè ýòîì â äàííûõ óðàâíåíèÿõ ïðåäïî-
ëàãàåòñÿ, ÷òî êîñìè÷åñêèé àïïàðàò èìååò ìàëûå
çíà÷åíèÿ óãëà àòàêè α , íî íåìàëûå çíà÷åíèÿ
àýðîäèíàìè÷åñêîé àñèììåòðèè è ìàëûå çíà÷åíèÿ
ìàññîâîé àñèììåòðèè. Êðîìå òîãî, óãëîâàÿ ñêî-
ðîñòü è óãîë àòàêè êîñìè÷åñêîãî àïïàðàòà ÿâëÿ-
þòñÿ óïðàâëÿåìûìè íà ýòàïå ñïóñêà ÊÀ â ðàçðå-
æåííîé àòìîñôåðå Ìàðñà. Óïðàâëåíèå çàäàííû-
ìè õàðàêòåðèñòèêàìè äâèæåíèÿ ÊÀ îòíîñèòåëüíî
öåíòðà ìàññ îñóùåñòâëÿåòñÿ ñ ïîìîùüþ áîðòî-
âûõ ðåàêòèâíûõ äâèãàòåëåé ìàëîé òÿãè. Â ðåçóëü-
òàòå ðàçëîæåíèÿ ïðàâûõ ÷àñòåé êâàçèëèíåéíûõ
óðàâíåíèé óïðàâëÿåìîãî äâèæåíèÿ êîñìè÷åñêîãî
àïïàðàòà â ðÿä Ìàêëîðåíà ïî óãëîâîé ñêîðîñòè
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xω  áåç ó÷åòà íåëèíåéíûõ ÷ëåíîâ âòîðîãî ïîðÿäêà

ìàëîñòè, ïîëó÷àåì ëèíåàðèçîâàííóþ ñèñòåìó
óðàâíåíèé äâèæåíèÿ ÊÀ îòíîñèòåëüíî öåíòðà
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Çäåñü uω  – óïðàâëåíèå çíà÷åíèåì óãëîâîé ñêî-

ðîñòè xω , /xn xu M Iω = ; uα  – óïðàâëåíèå çíà÷å-

íèåì ïðîñòðàíñòâåííîãî óãëà àòàêè α ,
/ 2ynu M Iα ω;= -  ,xn ynM M   – ìåõàíè÷åñêèå ìî-

ìåíòû îò ðåàêòèâíûõ äâèãàòåëåé óïðàâëåíèÿ;

ε  – ìàëûé ïàðàìåòð, õàðàêòåðèçóþùèé âåëè÷èíó

óïðàâëåíèé è âåëè÷èíó ôóíêöèé àñèììåòðèè

, ;A
A xm m θ  – áûñòðàÿ ôàçà, / 2;θ ϕ π= - ϕ  – àýðî-

äèíàìè÷åñêèé óãîë êðåíà; Am  – ôóíêöèÿ ìåä-

ëåííûõ ïåðåìåííûõ xω  è α , õàðàêòåðèçóþùàÿ

ìàññîâóþ è àýðîäèíàìè÷åñêóþ àñèììåòðèþ;

2,A Am m ω-= 2 2
1 2( ) ( ) ,A A

Am m m= +

2 2
ô

1 0 1
1 1

,A
y x

z z

m m C z
m m
ω ω Δ= - +

2 2
ô

2 0 1
1 1

;A
z x

z z

m m C y
m m
ω ω Δ= - -

1 1 1 2sin / ; cos / ;A A
А Аm m m mθ θ= = -

2 2
1 2( ) ( ) ,A A A

x x xm m m= +

2 2

1 1 2 1
1 1

; ;A A
x y x y

z z

m C y m C z
m m
ω ω

Δ Δ= - = -

2 1 2 2sin / ; cos / ;A A A A
x x x xm m m mθ θ= - =

ô ô
0 0,y zm m  — íåìàëûå áåçðàçìåðíûå êîýôôèöèåí-

òû àýðîäèíàìè÷åñêîé àñèììåòðèè ÊÀ; ,y zΔ Δ —
ìàëûå áåçðàçìåðíûå êîýôôèöèåíòû ìàññîâîé

àñèììåòðèè ÊÀ; 1 1 1, ,x y zC C m  — àýðîäèíàìè÷åñ-

êèå êîýôôèöèåíòû ñèë è ìîìåíòîâ; 
ô ô
0 0,y zm m  —

êîýôôèöèåíòû ìàëûõ àýðîäèíàìè÷åñêèõ ìîìåí-
òîâ îò íåñèììåòðèè ôîðìû ÊÀ;

1, , ,x x y y zп zпС С С С m mα αα α= = = ãäå êîýôôèöèåíò

Cx1 è ÷àñòíûå ïðîèçâîäíûå yС
α  îïðåäåëåíû ïðè

α = 0; / , ,x x x y zI I I I I I I= = =  – ìîìåíòû èíåð-

öèè ÊÀ îòíîñèòåëüíî îñåé ñâÿçàííîé ñèñòåìû êî-

îðäèíàò OXYZ; 2 2 2/ 4 ;x xIαω ω ω= +  ω  – ÷àñòîòà

ïðåöåññèè ïðè óãëîâîé ñêîðîñòè xω = 0,

ï0 / ;zm qSL Iω = - q – ñêîðîñòíîé íàïîð;

S – ïëîùàäü ìèäåëåâîãî ñå÷åíèÿ; L – äëèíà ÊÀ;

ï0zm  – êîýôôèöèåíò âîññòàíàâëèâàþùåãî àýðî-

äèíàìè÷åñêîãî ìîìåíòà.
Ñëåäóåò îòìåòèòü, ÷òî ñëó÷àé îòðèöàòåëüíûõ

âåëè÷èí xω  ìîæåò áûòü ðàññìîòðåí àíàëîãè÷íî.

Òàêèì îáðàçîì, ïðè íàëè÷èè ìàññîâîé è àýðî-
äèíàìè÷åñêîé àñèììåòðèè â ðàññìàòðèâàåìîé
ñèñòåìå (1) íàáëþäàåòñÿ âîçìóùåíèå óãëîâîé

ñêîðîñòè xω  è óãëà àòàêè α .

Ñèñòåìà óðàâíåíèé (1) âïåðâûå áûëà ïîëó÷å-
íà äëÿ ìàëîé àñèììåòðèè ÊÀ â àòìîñôåðå Çåì-
ëè [16]. Â ñòàòüå äàííàÿ ñèñòåìà ïðèìåíÿåòñÿ äëÿ
ðàçðåæåííîé àòìîñôåðû Ìàðñà ïðè íåìàëîé
àýðîäèíàìè÷åñêîé àñèììåòðèè è ìàëîé ìàññî-
âîé àñèììåòðèè ÊÀ ñ âûñîòû ïîë¸òà 100 êì äî
ðàñêðûâàíèÿ ïàðàøþòíîé ñèñòåìû ÊÀ íà âûñîòå
10 êì. Íà ðèñ. 1 ïîêàçàíû ÷èñëåííûå ðåçóëüòà-
òû, äåìîíñòðèðóþùèå âëèÿíèå çíà÷åíèé íåìà-
ëûõ àýðîäèíàìè÷åñêèõ êîýôôèöèåíòîâ 1 1,y xC C  è

ìàëîé ìàññîâîé àñèììåòðèè ,y zΔ Δ  íà çíà÷åíèÿ

ôóíêöèé 0.5 Am ω  è 2A
xm ω . Èç ðèñ. 1 âèäíî, ÷òî

ïðè âûáðàííûõ çíà÷åíèÿõ ìàññîâî-èíåðöèîííûõ

õàðàêòåðèñòèê ÊÀ çíà÷åíèÿ ôóíêöèé 0.5 Am ω

ìàëû (ìåíüøå 0.3) íà äèàïàçîíå âûñîò ñî 100 äî
10 êì.

Ñèíòåç îïòèìàëüíîãî óïðàâëåíèÿ

Ðàññìàòðèâàåìàÿ çàäà÷à ñèíòåçà óïðàâëåíèÿ
ñîñòîèò ïîèñêå ïðèáëèæåííûõ îïòèìàëüíûõ çà-
êîíîâ, îáåñïå÷èâàþùèõ îäíîâðåìåííóþ ñòàáè-
ëèçàöèþ óãëîâîé ñêîðîñòè xω  è óãëà àòàêè α .
Ïðè ýòîì òðåáóåòñÿ îïðåäåëèòü ïðèáëèæåííûå
ìàëûå ôóíêöèè óïðàâëåíèÿ u Uα αŒ , u Uω ωŒ ,
êîòîðûå ïðèâîäÿò íà÷àëüíûé óãîë àòàêè

0 0( )tα α=  è íà÷àëüíóþ óãëîâóþ ñêîðîñòü

0 0( )x x tω ω=  ê çàäàííûì ìàëûì èëè íóëåâûì âå-
ëè÷èíàì ( ) 0T Tα α= =  è ( )xT x Tω ω=  â òå÷åíèå
èíòåðâàëà âðåìåíè T.



183Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò. 29. ¹ 2 Aerospace MAI Journal, vol. 29, no. 2

È. Áàêðè I. Bakry

Ââîäèòñÿ ñëåäóþùèé êâàäðàòè÷íûé êðèòåðèé
îïòèìàëüíîñòè:

2 2 2 2

0

( ) ,
T

xI a a b u b u dtω α ω ω α αε ω α= + + +Ú        (2)

ãäå , , ,a a b bω ωα α  — çàäàííûå ïîëîæèòåëüíûå êî-

ýôôèöèåíòû êðèòåðèÿ îïòèìàëüíîñòè;

2 2 2 2 ( , , , )
x x

a a b u b u V u uω α ω ω α α ω ωω α ω α+ + + = — ïîëî-

æèòåëüíî îïðåäåë¸ííàÿ ôóíêöèÿ.
Äëÿ ðåøåíèÿ çàäà÷è îïòèìèçàöèè ïðèìåíÿ-

åòñÿ ïðèíöèï Áåëëìàíà [14], êîòîðûé äëÿ ñèñ-
òåìû (1) è êðèòåðèÿ (2) ïðèâîäèò ê ñîîòíîøåíèþ

2 2 2 2

,
min

0,

x
xu u

x

d
a a b u b u

dt

d d
dt dt

ω α ω ω α α
ω α

ων
ω α

ω

ν α ν θ
α θ

Ê ∂
+ + + + +Á ∂Ë

∂ ∂ ˆ+ + =˜̄∂ ∂

  
(3)

ãäå ( , )xv ω α,θ  — ôóíêöèÿ Áåëëìàíà.

Ïîäñòàâèâ â ðàâåíñòâî (3) ïðîèçâîäíûå

, ,xd d d
dt dt dt

ω α θ
 èç ñèñòåìû (1), ïîëó÷èì:

( 2 2 2 2

,

2 1
2

1

min

( sin( ))

( cos( )) (1 ) 0.
2

xu u

A
x x

x

A
x x

a a b u b u

u m I

m
u I

ω α ω ω α α
ω α

ω

α

ε ω ε α ε ε

ν ε ε ω θ θ
ω

ν νε ε ω θ θ ω
α θ

-

+ + + +

∂+ - + +
∂

∂ ∂ ˆ+ - + + - =˜̄∂ ∂
(4)

Âûäåëèâ â óðàâíåíèè (4) ñëàãàåìûå, çàâèñÿ-
ùèå îò óïðàâëåíèé ,u uω α , ïîëó÷èì ñëåäóþùåå
âûðàæåíèå:

2 2( , ) .
x

F u u b u b u u uω α ω ω α α ω α

ν ν
ω α
∂ ∂

= + + +
∂ ∂

        (5)

Íåîáõîäèìûå óñëîâèÿ ìèíèìóìà ôóíêöèè

( , )F u uω α  èìåþò âèä:

2 0;

2 0.

x

F
b u

u

F
b u

u

ω ω
ω

α α
α

ν
ω

ν
α

∂ ∂
= + =

∂ ∂

∂ ∂
= + =

∂ ∂

                  (6)

Èç ðåøåíèÿ ñèñòåìû óðàâíåíèé (6) íàõîäèì
âûðàæåíèÿ äëÿ îïòèìàëüíûõ óïðàâëåíèé:

1
;

2

1
.

2

x

u
b

u
b

ω
ω

α
α

ν
ω

ν
α

∂
= -

∂

∂
= -

∂

                      (7)

Ñîñòàâèì ìàòðèöó Ãåññå:

2 2

2

2 2

2

.
2 0

H
0 2

F F
u uu b

bF F
u u u

α ωω ω

α

ω α α

È ˘
Í ˙
Í ˙ È ˘
Í ˙ Í ˙
Í ˙ Í ˙Î ˚Í ˙
Í ˙Î ˚

∂ ∂
∂ ∂∂

= =
∂ ∂

∂ ∂ ∂
   

(8)

Ñëåäîâàòåëüíî, â ñòàöèîíàðíûõ òî÷êàõ (7)
âûïîëíÿåòñÿ êðèòåðèé Ñèëüâåñòðà:

2

2
2 0, det 4 0.

F
b H b b

u ω ω α
ω

∂ = > = >
∂

        (9)

Òàêèì îáðàçîì, âûïîëíåíèå óñëîâèé (9) äëÿ
ïîëîæèòåëüíî îïðåäåë¸ííîé ìàòðèöû Ãåññå
îáåñïå÷èâàåò ìèíèìóì ñòàöèîíàðíûõ òî÷åê (7).

Ðèñ. 1. Ìàëûå çíà÷åíèÿ ôóíêöèé àñèììåòðèè ñèñòåìû 0.5 Am ω  è 2A
xm ω  íà ïðèìåðå ñïóñêàåìîãî àïïàðàòà «Mars

Polar Lander» ïðè íåìàëîé àýðîäèíàìè÷åñêîé àñèììåòðèè 1 10.6, 0.4y xC C= = , ìàëîé ìàññîâîé àñèììåòðèè
0.05y zΔ Δ= =  è ïðè çíà÷åíèÿõ 1 0.0005zm = -
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Ïîäñòàâëÿÿ óïðàâëåíèå (7) â óðàâíåíèå (4),
ïîëó÷àåì ïîñëå óïðîùåíèÿ óðàâíåíèå Áåëëìàíà:

2 2
2 2

2
1 1

4 4

1
2x

x

a a
b b bω α

ω α α

ν ν
ω α

ω α
ν
α

∂ ∂
+ + +

∂ ∂

Ê ˆ ∂Ê ˆÊ ˆ - -Á ˜ Á ˜Á ˜ Ë ¯ Ë ¯∂Ë ¯

2

2 1
2

1
( sin( ))

2
A
x x

x x

m I
bω

ν ν
α ω θ θ

ω ω
-∂ ∂

- + -
∂ ∂

Ê ˆ
-Á ˜Ë ¯

1
cos( ) (1 ) 0.

2
A

x x

m
I

ν ν
ω θ θ ω

α θ
∂ ∂

- + + - =
∂ ∂

    (10)

Ïðè óñðåäíåíèè óðàâíåíèé (1) ïðèìåíÿþòñÿ
ñëåäóþùèå ðàçëîæåíèÿ [18]:

( )
( )
( )

( ) ( )

0 0 0 0
1

0 0 0 0
1

0 0 0 0
1

0 0 0 0
1

, , ...

, , ...

, , ...

, ...

x x x

x

x

f

f

f

ω

α

θ

ω ω ε ω α θ

α α ε ω α θ

θ θ ε ω α θ

ν ν α εν α θ

= + +

= + +

= + +

= + +

Ï
Ô
Ô
ÔÔ
Ì
Ô
Ô
Ô
ÔÓ

          (11)

Çäåñü 0 0 0, ,xω α θ  — íîâûå óñðåäíåííûå ïåðåìåí-

íûå ñèñòåìû (1); ôóíêöèè

( ) ( ) ( )
( ) ( ) ( )

0 0 0 0 0 0 0 0 0

0 0 0 0

, , , , , , , , ,

, , , 1, 2,..

j x j x j x

j

f f f

j

ω α θω α θ ω α θ ω α θ

ν α ν α θ =

ïîäëåæàò îïðåäåëåíèþ.
Ïîäñòàâëÿÿ ðÿäû (11) â óðàâíåíèå (10) â ïåð-

âîì ïðèáëèæåíèè ìåòîäà óñðåäíåíèÿ, îïóñêàÿ â

íîâûõ ïåðåìåííûõ 0 0 0, ,xω α θ  èíäåêñ «0», ïîëó÷èì:

2 2
2 2 1 1

0.
4 4x

x

a a
b bω α

ω α

ν ν
ω α

ω α
∂ ∂

+ + - =
∂ ∂

Ê ˆ Ê ˆ
Á ˜Á ˜ Ë ¯Ë ¯

    (12)

Ïîðîæäàþùåå ðåøåíèå óðàâíåíèÿ (12) áóäåì
èñêàòü ìåòîäîì íåîïðåäåë¸ííûõ êîýôôèöèåíòîâ
â âèäå

2 2,xA Bν ω α= +                   (13)

ãäå A, B – èñêîìûå êîýôôèöèåíòû.
Ñ öåëüþ îïðåäåëåíèÿ êîýôôèöèåíòîâ A, B

ïîäñòàâèì âûðàæåíèå (13) â óðàâíåíèå (12):

2 2
2 2 0.
x

A B
a a

b bω α
ω α

ω α- + - =
Ê ˆ Ê ˆ
Á ˜ Á ˜Ë ¯ Ë ¯         (14)

Ïðè îäíîâðåìåííîì íåðàâåíñòâå íóëþ óãëî-
âîé ñêîðîñòè è óãëà àòàêè óðàâíåíèå (14) ïðèíè-
ìàåò âèä ñëåäóþùåé ñèñòåìû:

2

2

0;

0.

A
a

b

B
a

b

ω
ω

α
α

- =

- =
                       (15)

Èç êîðíåé óðàâíåíèé ñèñòåìû (15) ïðåäñòàâ-
ëÿþò èíòåðåñ òîëüêî ïîëîæèòåëüíûå âåëè÷èíû:

1 ;A a bω ω=                        (16)

1 .B a bα α=                       (17)

Äåéñòâèòåëüíî, îòðèöàòåëüíûå âåëè÷èíû

1 ,A a bω ω= -  1B a bα α= -  äîëæíû áûòü îòáðîøå-

íû, òàê êàê îíè íå îáåñïå÷èâàþò ïîëîæèòåëüíóþ
îïðåäåë¸ííîñòü ôóíêöèè Áåëëìàíà (13).

Ó÷èòûâàÿ êîýôôèöèåíòû (16) è (17) â ôóíê-
öèè Áåëëìàíà (13), íàõîäèì âûðàæåíèÿ äëÿ îï-
òèìàëüíûõ óïðàâëåíèé (7). Ïîäñòàâëÿÿ ýòè âû-
ðàæåíèÿ â ñèñòåìó (1) è óñðåäíÿÿ å¸ ïî áûñòðîé
ôàçå, ïîëó÷àåì â ïåðâîì ïðèáëèæåíèè:

;
x

p x

d
K

dt ω

ω
ε ω= -                 (18)

,p

d
K

dt α
α ε α= -                    (19)

ãäå , .p pK a b K a bω ω ω α α α= =

Ñëåäîâàòåëüíî, ðåøåíèå óðàâíåíèé (18) è
(19), ïîëó÷åííûå ñ ó÷¸òîì íàéäåííûõ óïðàâëå-
íèé, îáåñïå÷èâàþò àñèìïòîòè÷åñêóþ óñòîé÷è-

âîñòü òî÷åê ïîêîÿ xω = 0, α = 0 â ïåðâîì ïðèáëè-

æåíèè ìåòîäà óñðåäíåíèÿ.
Ïîäñòàâëÿÿ êîýôôèöèåíòû (16) è (17) â âû-

ðàæåíèå (13), ïåðåïèøåì ïîñëå óïðîùåíèÿ îï-
òèìàëüíûå óðàâíåíèÿ (7) â ñëåäóþùåì âèäå:

;

.

xu

u

a

b

a

b

ω

α

ω

ω

α

α

ω

α

= -

= -
                      (20)

Ó÷¸ò óïðàâëåíèé â èñõîäíîé ñèñòåìå

Ñ ïîìîùüþ ìåòîäà Ýéëåðà ìîæíî çàïèñàòü
èñõîäíóþ ñèñòåìó â äèñêðåòíîì âèäå ñëåäóþùèì
îáðàçîì [18]:

( )

( )
( 1) ( ) ( ), ( ) ,

( 1) ( ) ( ), ( ) .x x x

n n h f t n n

n n h f t n n

α

ω

α α α

ω ω ω

+ = +

+ = +
       (21)
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Ïîäñòàâëÿÿ ôóíêöèè ( )( ), ( ) ,f t n nα  ( )( ), ( )xf t n nω

è çàêîíû óïðàâëåíèÿ (20) â ñèñòåìó (21), ïîëó÷èì:

( )

( )

1

2 1
2

( 1)

( ) 1 0.5 cos( ) ,

( 1) ( )

1 sin( ) ,

A

x x

A
x x

n

n h m h a b

n n

h m I h a b

α α α α

ω ω ω ω

α

α ε ω θ θ ε

ω ω

ε ω θ θ ε-

+ =

= - + -

+ = ¥

¥ - + -

 (22)

ãäå ,h hα ω  — øàãè èíòåãðèðîâàíèÿ.

Ìåòîä Ýéëåðà — ýòî ÿâíûé ìåòîä ïåðâîãî
ïîðÿäêà, ýòî îçíà÷àåò, ÷òî ëîêàëüíàÿ ïîãðåø-
íîñòü ýòîãî ìåòîäà èìååò ïîðÿäîê Î(h2), à ãëî-
áàëüíàÿ íàêîïëåííàÿ ïîãðåøíîñòü ìåòîäà èìå-
åò ïîðÿäîê Î(h1). Èçâåñòíî, ÷òî íà ïîãðåøíîñòü
÷èñëåííîãî ìåòîäà Ýéëåðà, êðîìå ôîðìóëû ìå-
òîäà, âëèÿåò òàêæå âåëè÷èíà øàãà èíòåãðèðîâà-
íèÿ h. Ñ óìåíüøåíèåì âåëè÷èíû øàãà h íàáëþ-
äàåòñÿ óâåëè÷åíèå òî÷íîñòè ìåòîäà. Ïðè ýòîì
èíòåðâàë âðåìåíè ÷èñëåííîãî èíòåãðèðîâàíèÿ
òàêæå óâåëè÷èâàåòñÿ. Êðîìå òîãî, çäåñü ìîæíî
ïðèìåíÿòü ïåðåìåííûé øàã èíòåãðèðîâàíèÿ [19].

Ó÷¸ò óïðàâëåíèé â óñðåäíåííûõ óðàâíåíèÿõ

Çàïèøåì óðàâíåíèå ñîñòîÿíèÿ ( 1) ( )x n Ax n+ =

è óðàâíåíèå âûõîäà ( ) ( )y n Cx n=  â äèñêðåòíîì

âèäå ñëåäóþùèì îáðàçîì [19]:

0
;

0( 1) ( )

ð

ðх х

Kn n

Kn n

α

ω

α( +1) α( )

ω ω

-Ê ˆÊ ˆ Ê ˆ
= Á ˜Á ˜ Á ˜Á ˜-+Ë ¯ Ë ¯Ë ¯

     (23)

( ) [1 1][ ( )] ,T
хy n n nα( ) ω=            (24)

ãäå ( )x n  – âåêòîð ñîñòîÿíèÿ, ( ) ( ) ( )) ;T
xx n n nα( ω=

( )y n  – ôóíêöèÿ âûõîäà; A – ìàòðèöà äèíàìèêè,

0
;

0

ð

ð

K
A

K

α

ω

-Ê ˆ
= Á ˜Á ˜-Ë ¯

 C – ìàòðèöà âûõîäà; C = [1 1];

n = 0, 1, 2,...
Ïðèíèìàÿ, ÷òî C = [1 1], îáåñïå÷èâàåì ñõî-

äèìîñòü ( )y n  òîëüêî ïðè ñõîäèìîñòè îáîèõ çíà-
÷åíèé nα( )  è ( )х nω .

Ïðèìåíÿÿ ìåòîä Z-ïðåîáðàçîâàíèÿ äëÿ ñèñ-
òåìû óðàâíåíèé (23) è (24), èìååì [19, 20]:

( )
( )

1 1
0

0 0

( ) ( )

;( ) ( )n n
x

T

ð ð

x n Z zI A zx

K Kα ωα ω

- - =

=

= -

- -
           

(25)

( )1 1
0

0 0

( ) ( )

.( ) ( )n n
ð ðx

y n Z C zI A zx

K Kα ωα ω

- - =

= -+

= -

-
            (26)

×èñëåííûå ðåçóëüòàòû

Ïðåäïîëîæèì, ÷òî êîñìè÷åñêèé àïïàðàò
èìååò ìàññîâî-èíåðöèîííûå õàðàêòåðèñòèêè,
àíàëîãè÷íûå ìàññîâî-èíåðöèîííûì õàðàêòåðè-
ñòèêàì ñïóñêàåìîãî ÊÀ Mars Polar Lander, ò.å. îí
èìååò íàèáîëüøèé ðàäèóñ îñíîâàíèÿ êîíóñà
r = 1,25m, âûñîòó ÊÀ l = 2m è ìàññó ÊÀ
m = 576 êã. Ðàññìàòðèâàåòñÿ ñïóñêàåìûé àïïàðàò,
ñíèæàþùèéñÿ â àòìîñôåðå Ìàðñà (ñðåäíèé ðà-
äèóñ R0 = 3390 êì). Ñðåäíåå óñêîðåíèå ñèëû òÿ-
æåñòè ðàâíî g0 = 3,86 ì/ñ2.

Íà÷àëüíûå óñëîâèÿ âõîäà ÊÀ â àòìîñôåðó
ñëåäóþùèå: ñêîðîñòü öåíòðà ìàññ ÊÀ ñîñòàâëÿ-
åò V(0) = 3500 ì/ñ; âûñîòà H(0) = 100 êì; óãîë

âõîäà ϑ (0) = -0,17 ðàä; ïðîñòðàíñòâåííûé óãîë
àòàêè ðàâåí àìïëèòóäå à1(0) = 0,32 ðàä; âòîðàÿ
àìïëèòóäà ðàâíà íóëþ à2(0) = 0; áûñòðàÿ ôàçà

ðàâíà θ (0) = 0,2 π  ðàä; óãëîâàÿ ñêîðîñòü ðàâíà

xω (0) = 0,24 1/ñ. Ðåçóëüòàòû äåéñòâèÿ óïðàâëå-

íèÿ â èñõîäíîé è óñðåäíåííîé ñèñòåìàõ ïðåä-
ñòàâëåíû íà ðèñ. 2.

Òàêèì îáðàçîì, ïî ðåçóëüòàòàì ðàñ÷¸òîâ èñ-
õîäíûõ è óñðåäíåííûõ óðàâíåíèé áûëî óñòàíîâ-
ëåíî, ÷òî óãîë àòàêè è óãëîâàÿ ñêîðîñòü â ñîîò-
âåòñòâèè ñ èñõîäíûìè óðàâíåíèÿìè ïðàêòè÷åñ-
êè ñõîäÿòñÿ ê íóëþ çà èíòåðâàë âðåìåíè äâèæå-
íèÿ îò 0 äî 80 ñ, à óñðåäíåííàÿ ñèñòåìà îáåñïå-
÷èâàåò óìåíüøåíèå óãëà àòàêè è óãëîâîé ñêîðî-
ñòè äî áëèçêèõ ê íóëþ çíà÷åíèé áûñòðåå — ÷å-
ðåç 60 ñ.

Âûâîäû

Èñïîëüçîâàíèå ìåòîäà äèíàìè÷åñêîãî ïðî-
ãðàììèðîâàíèÿ Áåëëìàíà â ñî÷åòàíèè ñ ìåòîäîì
óñðåäíåíèÿ ïîçâîëèëî ðåøèòü çàäà÷ó îïòèìèçà-
öèè óïðàâëåíèÿ îðèåíòàöèåé êîñìè÷åñêîãî àï-
ïàðàòà ïðè çíà÷èòåëüíîé àýðîäèíàìè÷åñêîé è
ìàëîé ìàññîâîé àñèììåòðèè ïðè ñïóñêå â ðàçðå-
æåííîé àòìîñôåðå Ìàðñà. Â êîíå÷íîì ðåçóëüòàòå
áûëè ïîëó÷åíû íîâûå âûðàæåíèÿ äëÿ ïðèáëè-
æåííûõ äèñêðåòíûõ îïòèìàëüíûõ óïðàâëåíèé ñ
ó÷åòîì íåìàëûõ âåëè÷èí àýðîäèíàìè÷åñêîé è
ìàëîé ìàññîâîé àñèììåòðèè. Óïðàâëåíèå îñóùå-
ñòâëÿëîñü ïî äâóì êàíàëàì îäíîâðåìåííî: ïî óã-
ëîâîé ñêîðîñòè è ïðîñòðàíñòâåííîìó óãëó àòàêè.

×èñëåííûå ðåçóëüòàòû ðàáîòû ïîäòâåðæäàþò,
÷òî ïîëó÷åííûå äèñêðåòíûå âûðàæåíèÿ äëÿ îï-
òèìàëüíîãî óïðàâëåíèÿ îáåñïå÷èâàþò óìåíüøå-
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íèå óãëîâîé ñêîðîñòè è ïðîñòðàíñòâåííîãî óãëà
àòàêè äî òðåáóåìûõ ìàëûõ çíà÷åíèé çà âðåìÿ, ñî-
èçìåðèìîå ñî âðåìåíåì îò íà÷àëà ñâîáîäíîãî
äâèæåíèÿ íåóïðàâëÿåìîãî ñïóñêàåìîãî êîñìè-
÷åñêîãî àïïàðàòà äî ââîäà â äåéñòâèå òîðìîçíîé
ïàðàøþòíîé ñèñòåìû. Óñðåäíåííàÿ ñèñòåìà
óðàâíåíèé ïðîñòðàíñòâåííîãî óãëà àòàêè è óãëî-
âîé ñêîðîñòè ïðèâíîñèò ìåíüøå äèíàìèêè â ÷èñ-
ëåííûå ðåçóëüòàòû, êîòîðûå ñõîäÿòñÿ ê íóëþ
áûñòðåå, ÷åì ïðè èñïîëüçîâàíèè èñõîäíîé ñèñ-
òåìû â ñëó÷àå ïðèìåíåíèÿ ïðåäëàãàåìûõ äèñê-
ðåòíûõ çàêîíîâ óïðàâëåíèÿ.

Ïðàêòè÷åñêàÿ çíà÷èìîñòü ïîëó÷åííûõ äèñê-
ðåòíûõ çàêîíîâ äâóõêàíàëüíîãî óïðàâëåíèÿ ïîä-
òâåðæäàåòñÿ âîçìîæíîñòüþ èñïîëüçîâàíèÿ ìàëûõ
ðåàêòèâíûõ äâèãàòåëåé, ðàáîòàþùèõ â äèñêðåò-
íîì ðåæèìå.
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