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1. Ïîñòàíîâêà çàäà÷è

Â íàñòîÿùåå âðåìÿ â ãàçîäèíàìè÷åñêîé íàóêå
ñóùåñòâóåò ïðîáëåìà ïðîãíîçà ïàðàìåòðîâ ïðè
áîëüøèõ ÷èñëàõ Ðåéíîëüäñà [1]. Óðàâíåíèå äâè-
æåíèÿ Íàâüå—Ñòîêñà ïðàêòè÷åñêè íåðàçðåøèìî
ñ ïîìîùüþ ñîâðåìåííûõ òåõíîëîãèé èç-çà íåõâàò-
êè âû÷èñëèòåëüíûõ ðåñóðñîâ [2—4]. Íàïðèìåð,
ðåøåíèå çàäà÷è äëÿ ìèêðîñêîïè÷åñêîãî îáúåêòà
ïðè áîëüøèõ ÷èñëàõ Ðåéíîëüäñà áóäåò ïðîäîë-
æàòüñÿ íåñêîëüêî ñîòåí ëåò [5]. Ïðè óâåëè÷åíèè
÷èñëà Ðåéíîëüäñà íåîáõîäèìî ïðèìåíåíèå áîëåå
ãóñòîé ñåòêè ñ ìàëåíüêèìè ðàñ÷åòíûìè ÿ÷åéêà-
ìè, îò÷åãî ïðàêòè÷åñêè íåâîçìîæíî ðàññ÷èòàòü
äàæå ýëåìåíòàðíûå çàäà÷è ïðè èñïîëüçîâàíèè
ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ.

Ðàñïðîñòðàíåííûì ÿâëÿåòñÿ ïåðåõîä íà ðåøå-
íèå óïðîùåííûõ óðàâíåíèé äâèæåíèÿ [6, 7]. Íàè-
áîëåå ïîïóëÿðíûìè ñòàëè óðàâíåíèÿ Ðåéíîëüäñà
[8—11]. Îñðåäíåíèå Ðåéíîëüäñîì óðàâíåíèé Íà-
âüå—Ñòîêñà çà ñ÷åò ââåäåíèÿ ñðåäíèõ è ïóëüñàöèé
âñåõ ïàðàìåòðîâ òå÷åíèÿ èçìåíÿåò âèä óðàâíåíèé
è ñàì âû÷èñëèòåëüíûé ïðîöåññ – ââåäåíèå ìîäå-
ëåé òóðáóëåíòíîñòè äàåò âîçìîæíîñòü ïîëó÷èòü
ïîëåçíûå ðåøåíèÿ. Çà îñíîâíîé ïàðàìåòð â ýòîé
òåîðèè âçÿòû òàê íàçûâàåìûå íàïðÿæåíèÿ Ðåé-
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Äàíî êðàòêîå îïèñàíèå ïðîáëåìû ïðîãíîçà ïàðàìåòðîâ ïðè áîëüøèõ ÷èñëàõ Ðåéíîëüäñà. Ñîñòàâëåíà ñèñòå-
ìà óðàâíåíèé äëÿ ëàìèíàðíîãî ïîòîêà. Ïðåäñòàâëåíû ïðîôèëü ñêîðîñòè è ïîëå ñêîðîñòåé ó÷àñòêà âíóòðåííåé
ñòåíêè êàìåðû ñãîðàíèÿ æèäêîñòíîãî ðàêåòíîãî äâèãàòåëÿ (ÆÐÄ), ïîëó÷åííûå ïî ðàçðàáîòàííîé ïðîãðàììå. Ïðî-
âåäåíî êà÷åñòâåííîå ñðàâíåíèå ñ ðåçóëüòàòàìè, ïîëó÷åííûìè â ïðîãðàììíîì êîìïëåêñå «Ansys».

Êëþ÷åâûå ñëîâà: óðàâíåíèå Íàâüå—Ñòîêñà, ëàìèíàðíîå òå÷åíèå, ëàìèíàðíûé ïîäñëîé, ïðîôèëü ñêîðîñòè ó
ñòåíêè.

íîëüäñà, ýíåðãèÿ òóðáóëåíòíîñòè, ñêîðîñòü äèñ-
ñèïàöèè òóðáóëåíòíîñòè. Íî òàêîé ïîäõîä ÿâëÿ-
åòñÿ ëèøü ïðèåìîì, êîòîðûé ìîæåò èñêàæàòü
èñòèííóþ êàðòèíó òå÷åíèÿ èç-çà ìíîãî÷èñëåííûõ
äîïóùåíèé è ïðåäïîëîæåíèé. Òàêæå óðàâíåíèÿ
Ðåéíîëüäñà ýêñïåðèìåíòàëüíî íå ïîäêðåïëåíû.
Òåì íå ìåíåå ïðàêòè÷åñêè âñå ðîññèéñêèå è çà-
ðóáåæíûå ýëåêòðîííûå ïðîãðàììíûå êîìïëåêñû
â îáëàñòè âû÷èñëèòåëüíîé ãàçîâîé äèíàìèêè,
òàêèå, êàê «Ansys», «FlowVision», «OpenFOAM»
è äð., ïîñòðîåíû íà óðàâíåíèÿõ Ðåéíîëüäñà ñ ïå-
ðå÷èñëåííûìè âûøå äîïîëíåíèÿìè [12].

Ïîýòîìó ïðåäëàãàåòñÿ èíîé ïîäõîä ê îïèñà-
íèþ òóðáóëåíòíîñòè. Áîëåå ïîíÿòíûì è ôèçè÷åñ-
êè îïðàâäàííûì ÿâëÿåòñÿ ïîäõîä, ïðè êîòîðîì
òóðáóëåíòíîñòü õàðàêòåðèçóåòñÿ êàê âèõðåâîå òå-
÷åíèå, ò.å. òå÷åíèå, â êîòîðîì ïîìèìî ïîñòóïà-
òåëüíîãî ïðèñóòñòâóþò òàêæå âðàùàòåëüíîå äâèæå-
íèå è êðó÷åíèå. Äðóãèìè ñëîâàìè, ãäå íåò âðàùå-

íèÿ, ò.å. ( )rot 0V = , è êðó÷åíèÿ, ò.å. ( )rot rot 0,V =

òå÷åíèå áóäåò ëàìèíàðíûì. Èçâåñòíî, ÷òî ïðè
âçàèìîäåéñòâèè ïîòîêà ñî ñòåíêîé â íåïîñðåä-
ñòâåííîé áëèçîñòè îò íåå âîçíèêàåò ëàìèíàðíîå
òå÷åíèå – ýòî òàê íàçûâàåìûé ëàìèíàðíûé ïîä-
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ñëîé [13]. Â ëàìèíàðíîì ïîäñëîå ñïðàâåäëèâ ëè-
íåéíûé çàêîí Íüþòîíà. Â ðàáîòàõ [12, 14—16]
ïîêàçàíî, ÷òî â ñâåðõçâóêîâîì ïîòîêå òóðáóëåí-
òíîñòü ìîæåò áûòü ïðåíåáðåæèìî ìàëîé è äàæå
îòñóòñòâîâàòü. Òàêèì îáðàçîì, òóðáóëåíòíîñòü
íåîáõîäèìî ó÷èòûâàòü òîëüêî â êàìåðå ñãîðàíèÿ
ïðè ÷èñëàõ Ðåéíîëüäñà, áîëüøèõ êðèòè÷åñêîãî.

Òåìîé äàííîé ñòàòüè ÿâëÿåòñÿ ðàñ÷åò è àíàëèç
ãàçîäèíàìè÷åñêèõ õàðàêòåðèñòèê æèäêîñòíîãî
ðàêåòíîãî äâèãàòåëÿ äëÿ ëàìèíàðíîãî òå÷åíèÿ, ñ
öåëüþ êîððåêòíîé, ôèçè÷åñêè ïðàâèëüíîé ïîñòà-
íîâêè çàäà÷è è ñóùåñòâåííîãî óìåíüøåíèÿ âðå-
ìåíè ñ÷åòà áëàãîäàðÿ ïðèìåíåíèþ áîëåå ïðîñòûõ
óðàâíåíèé. Ïðîâåäåíû èññëåäîâàíèÿ â ëàìèíàð-
íîì ïîäñëîå ó ñòåíêè ìîäåëüíîé êàìåðû ÆÐÄ.

Öåëüþ ðàáîòû òàêæå ÿâëÿåòñÿ çàïèñü ïðî-
ãðàììíîãî êîäà äëÿ ïîëó÷åíèÿ õàðàêòåðèñòèê
ïîëÿ ñêîðîñòåé è åãî êà÷åñòâåííîå ñðàâíåíèå ñ
ðåçóëüòàòàìè ðàñ÷åòà â ïðîãðàììíîì êîìïëåêñå
«Ansys».

2. Ñîñòàâëåíèå ñèñòåìû óðàâíåíèé

Âûâîä óðàâíåíèÿ äâèæåíèÿ áåðåòñÿ èç ðàáî-
òû [14], èñõîäíîå óðàâíåíèå äâèæåíèÿ çàïèñûâà-
åòñÿ â âèäå

( ) ( )1
gràd  gràd div .

3
dV

p V V
dt

ρ μΔ μ= - + +

Ïðèìåíÿÿ ê ýòîìó óðàâíåíèþ òåîðåìó Ëýìáà—
Ãðîìåêè, ðàñêëàäûâàåì ñóáñòàíöèîíàëüíóþ ïðî-
èçâîäíóþ, âûäåëÿÿ êîðèîëèñîâî óñêîðåíèå. Ðàç-
ëàãàÿ ëàïëàñèàí, ïîëó÷àåì çàâèñèìîñòü

( )rot rot 0,V =  ïîñëå ÷åãî, ñ÷èòàÿ ïîòîê ëàìèíàð-

íûì, âû÷åðêèâàåì îïåðàöèþ ( )rot 0V =  è ïîëó÷à-

åì óðàâíåíèå â âèäå

( )2 4
 gràd gràd  div 0.

2 3
V V

p V
t

ρ ρ μ
Ê ˆ∂ Ê ˆ+ + - =Á ˜ Á ˜Ë ¯∂ Ë ¯

Ñ ó÷åòîì âèäà óðàâíåíèÿ Ýéëåðà

( )gràd ,
dV

p
dt

ρ = -

ïî àíàëîãèè ïîëó÷àåì

( )4
gràd div .

3
dV

p V
dt

ρ μÊ ˆ= - -Á ˜Ë ¯             (1)

Ýòî óðàâíåíèå îòëè÷àåòñÿ îò óðàâíåíèÿ Ýéëå-

ðà äëÿ èäåàëüíîãî ãàçà îäíèì ÷ëåíîì ( )4
 div ,

3
Vμ

êîòîðûé îïèñûâàåò âÿçêî-óïðóãîå ñîñòîÿíèå è õà-
ðàêòåðèçóåò ëàìèíàðíîå äâèæåíèå.

Áåç âûâîäà íàïèøåì óðàâíåíèå íåðàçðûâíî-
ñòè:

( ) div 0.
d

V
dt
ρ

ρ+ =                    (2)

Ýòî óðàâíåíèå õàðàêòåðèçóåò ñæèìàåìîñòü.
Óðàâíåíèå ýíåðãèè â ôîðìå Ïóàññîíà ïîëó-

÷èì, èñïîëüçóÿ óðàâíåíèå äâèæåíèÿ â ñêàëÿðíîì
âèäå:

2 2

2

2 2

2

1 4
   ;

3

1 4
   .

3

u u u p u v
u v

t x y x x yx

v v v p u v
u v

t x y y x y y

μ
ρ ρ

μ
ρ ρ

Ï Ê ˆ∂ ∂ ∂ ∂ ∂ ∂+ + = - + +Ô Á ˜∂ ∂ ∂ ∂ ∂ ∂∂Ë ¯ÔÔ
Ì

Ê ˆÔ ∂ ∂ ∂ ∂ ∂ ∂+ + = - + +Ô Á ˜∂ ∂ ∂ ∂ ∂ ∂ ∂Ë ¯ÔÓ

Äîìíîæèì ïåðâîå óðàâíåíèå íà 
x
∂
∂

, à âòîðîå

íà y
∂
∂ :

22 2

2

2 2 2

2 2

22 2

2

2 2 2

2 2

1 4
   ;

3

1 4
   .

3

u u u u v u
u v

t x x x y x yx

p u v
x x yx x

v v u v v v
u v

t y x y y x yy

p u v
y x yy y

μ
ρ ρ

μ
ρ ρ

∂ ∂ ∂ ∂ ∂ ∂ ∂Ê ˆ Ê ˆ+ + + + =Á ˜ Á ˜Ë ¯ Ë ¯∂ ∂ ∂ ∂ ∂ ∂ ∂∂

Ê ˆ∂ ∂ ∂ ∂
= - + +Á ˜∂ ∂ ∂∂ ∂Ë ¯

Ê ˆ Ê ˆ∂ ∂ ∂ ∂ ∂ ∂ ∂+ + + + =Á ˜ Á ˜Ë ¯ Ë ¯∂ ∂ ∂ ∂ ∂ ∂ ∂∂

Ê ˆ∂ ∂ ∂ ∂
= -

Ï
Ô
Ô
Ô
Ô
Ô
Ô
Ì

+ +Á ˜∂ ∂ ∂∂ ∂Ë ¯

Ô
Ô
Ô

Ó

Ô
Ô
Ô

Ñêëàäûâàåì îáà óðàâíåíèÿ è ïîñëå íåñëîæíûõ
ïðåîáðàçîâàíèé èìååì:

222 2

2

u v u v u v
u

t x y x y x yx

Ê ˆÊ ˆ Ê ˆ∂ ∂ ∂ ∂ ∂ ∂ ∂Ê ˆ+ + + + + +Á ˜Á ˜Á ˜ Á ˜Ë ¯Ë ¯ Ë ¯∂ ∂ ∂ ∂ ∂ ∂ ∂∂Ë ¯

2 2 2 2

2 2 2

1
2  

u v u v p p
v

x y y xy x yρ
Ê ˆ Ê ˆ∂ ∂ ∂ ∂ ∂ ∂

+ + + = - + +Á ˜ Á ˜∂ ∂ ∂ ∂∂ ∂ ∂Ë ¯ Ë ¯

3 3 3 3

3 2 2 3

4
  .

3
u v u v

x x y x y y

μ
ρ
Ê ˆ∂ ∂ ∂ ∂+ + + +Á ˜∂ ∂ ∂ ∂ ∂ ∂Ë ¯
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Âûíîñèì ëàïëàñèàí äàâëåíèÿ è ïîëó÷àåì

2 2 2 2

2 2 2

22 2 2

2

3 3 3 3

3 2 2 3

2

4
  .

3

p p u v u v
u

t x y x yx y x

u v u v u v
v

x y x y y xy

u v u v

x x y x y y

ρ

μ
ρ

È Ê ˆÊ ˆ∂ ∂ ∂ ∂ ∂ ∂ ∂+ = - + + + +Í Á ˜Á ˜Ë ¯∂ ∂ ∂ ∂ ∂∂ ∂ ∂Ë ¯ÍÎ

Ê ˆÊ ˆ∂ ∂ ∂ ∂ ∂ ∂Ê ˆ+ + + + -Á ˜ Á ˜Á ˜Ë ¯ Ë ¯∂ ∂ ∂ ∂ ∂ ∂∂Ë ¯

˘Ê ˆ∂ ∂ ∂ ∂- + + + ˙Á ˜∂ ∂ ∂ ∂ ∂ ¯

+

∂Ë ˙̊

Ïðåîáðàçóåì îäèí ÷ëåí ê òàêîìó âèäó:

( ).u v
div V

t x y t
Ê ˆ∂ ∂ ∂ ∂

+ =Á ˜Ë ¯∂ ∂ ∂ ∂

Äèñêðåòèçèðóåì è ïîëó÷èì

( ) ( )11
,

n n
div V div V

tΔ

+Ê ˆ-Á ˜Ë ¯

ãäå n+1 è n — ïîñëåäîâàòåëüíûå øàãè ïî âðåìå-
íè.

Ïðèðàâíèâàåì ê íóëþ ( ) 1
0,

n
div V

+
=  òàê êàê â

èñïîëüçóåìîé ðàçíîñòíîé ñõåìå îíà áóäåò ðàññ÷è-
òûâàòüñÿ â óðàâíåíèè Íàâüå—Ñòîêñà. Òîãäà

( )1
 èëè ,

u v
div V

t t x yΔ
Ê ˆ∂ ∂ ∂

- - +Á ˜Ë ¯∂ ∂ ∂

è ïîëó÷èì óðàâíåíèå ýíåðãèè â ôîðìå Ïóàññîíà

( )( 0) :p f VΔ ρ+ =

22 2

2

2 2 2

2

3 3 3 3

3 2 2 3

2

4
  0.

3

u v u v u
p u

t x y x y xx

v u v u v
v

y x y y xy

u v u v

x x y x y y

Δ ρ

μ
ρ

È Ê ˆÊ ˆ∂ ∂ ∂ ∂ ∂ ∂Ê ˆ+ - + + + + +Í Á ˜Á ˜Á ˜ Ë ¯Ë ¯∂ ∂ ∂ ∂ ∂ ∂∂Ë ¯ÍÎ

Ê ˆÊ ˆ∂ ∂ ∂ ∂ ∂
+ + + + -Á ˜Á ˜Ë ¯∂ ∂ ∂ ∂ ∂∂Ë ¯

˘Ê ˆ∂ ∂ ∂ ∂
- + + + =˙Á ˜∂ ∂ ∂ ∂ ∂ ∂Ë ¯ ˙̊

(3)

Â ðåçóëüòàòå ïîëó÷àåì ñèñòåìó èç óðàâíåíèé
(1), (2), (3):

2 2

2

2 2

2

2 2

2

0;

1 4
   ;

3

1 4
   ;

3

u v
u v

t x y x y

u u u p u v
u v

t x y x x yx

v v v p u v
u v

t x y y x y y

u v u v u
p u

t x y x y xx

ρ ρ ρ ρ

μ
ρ ρ

μ
ρ ρ

Δ ρ

Ê ˆ Ê ˆ∂ ∂ ∂ ∂ ∂+ + + + =Á ˜ Á ˜Ë ¯ Ë ¯∂ ∂ ∂ ∂ ∂

Ê ˆ∂ ∂ ∂ ∂ ∂ ∂+ + = - + +Á ˜∂ ∂ ∂ ∂ ∂ ∂∂Ë ¯

Ê ˆ∂ ∂ ∂ ∂ ∂ ∂+ + = - + +Á ˜∂ ∂ ∂ ∂ ∂ ∂ ∂Ë ¯

Ê ˆÊ ˆ∂ ∂ ∂ ∂ ∂ ∂Ê+ - + + + +Á ˜Á ˜ ËË ¯∂ ∂ ∂ ∂ ∂ ∂∂Ë ¯

2

2 2 2

2

3 3 3 3

3 2 2 3

2

4
  0.

3

v u v u v
v

y x y y xy

u v u v

x x y x y y

μ
ρ

È ˆ +Í Á ˜̄
ÍÎ

Ê ˆÊ ˆ∂ ∂ ∂ ∂ ∂+ + + + -Á ˜Á ˜Ë ¯∂ ∂ ∂ ∂ ∂∂Ë ¯

˘Ê ˆ∂ ∂ ∂ ∂
- + + + =˙Á ˜∂

Ï
Ô
Ô
Ô
Ô
Ô
Ô
Ô
Ô
Ô
ÔÔ
Ì
Ô
Ô

∂ ∂ ∂ ∂ ∂Ë ¯ ˙̊

Ô
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Òàêèì îáðàçîì, ñèñòåìà ñîñòîèò èç ÷åòûðåõ
óðàâíåíèé è ÷åòûðåõ íåèçâåñòíûõ (u, v, ρ , p).

3. Ðàçðàáîòêà ðàñ÷åòíîãî ìåòîäà

Ïðîãðàììíûé êîä íàïèñàí íà ÿçûêå ïðîãðàì-
ìèðîâàíèÿ Python. Çàäà÷à ðåøàåòñÿ ÷èñëåííûì
ìåòîäîì êîíå÷íûõ ðàçíîñòåé, êîòîðûé îñíîâàí íà
çàìåíå ïðîèçâîäíûõ ðàçíîñòíûìè ñõåìàìè.

Êàæäîå óðàâíåíèå ñèñòåìû â ïðîãðàììíîì
êîäå ïîëó÷àåòñÿ ïóòåì äèñêðåòèçàöèè.
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Êðîìå òîãî, â ñèñòåìó äîáàâëÿþòñÿ èñõîäíûå
äàííûå:

ñêîðîñòü ïîòîêà íà âõîäå u=100 ì/ñ, v=0 ì/ñ;
äèíàìè÷åñêàÿ âÿçêîñòü μ =10-4 Ïà·ñ;

íà÷àëüíîå çíà÷åíèå ïîëÿ ïëîòíîñòåé ρ =6 êã/ì3.

4. Ðåçóëüòàòû ðàñ÷åòîâ

Äëÿ íà÷àëà áûëè ðàññìîòðåíû ðåçóëüòàòû ðàñ-
÷åòà ñ èñïîëüçîâàíèåì ïðîãðàììû «Ansys» [18].
Äëÿ ýòîãî, èñïîëüçóÿ â ïðîãðàììå ìîäåëü òóðáó-
ëåíòíîñòè ïî óìîë÷àíèþ, äëÿ êàìåðû ñãîðàíèÿ
ïðîâåëè ðàñ÷åò ïîòîêà âáëèçè ñòåíêè. Áûë ïîëó-
÷åí ïðîôèëü ñêîðîñòè âäîëü ñòåíêè â öåëÿõ îï-
ðåäåëåíèÿ â äàëüíåéøåì õàðàêòåðèñòèê ïîãðà-
íè÷íîãî ñëîÿ. Íà ðèñ. 3 ïðåäñòàâëåí ïðîôèëü
ñêîðîñòè.

Â ðåçóëüòàòå ðàñ÷åòíûì ïóòåì áûëà ïîäòâåð-
æäåíà ãèïîòåçà î ñóùåñòâîâàíèè âáëèçè ñòåíêè
ëàìèíàðíîãî ïîäñëîÿ. Ãèïîòåçà áûëà ïîñòðîåíà
íà òîì, ÷òî â ýòîé îáëàñòè ëîãè÷íî ñóùåñòâîâà-

Ðàñ÷åò ïðîâîäèòñÿ äëÿ êàìåðû. Çàäàåòñÿ îá-
ëàñòü ðàçìåðîì 2 íà 2 ñì è 41 íà 41 ñåòî÷íóþ
òî÷êó.

Ãðàíè÷íûå óñëîâèÿ äëÿ ðåøåíèÿ çàäà÷è çàäà-
þòñÿ â âèäå:

— óñëîâèå ïðèëèïàíèÿ íà ñòåíêå 0;V =
— óñëîâèå ñîïðîâîæäåíèÿ íà îñåâîé ëèíèè,

èäåÿ êîòîðîãî ñîñòîèò â òîì, ÷òî âÿçêîå âîçäåé-
ñòâèå äâóõ ñîñåäíèõ ëèíèé òîêà, ðàñïîëîæåííûõ
âäîëü îñè, íå ïðèâîäèò ê ïîÿâëåíèþ ðàçíîñòè èõ
ïðîäîëüíûõ ñêîðîñòåé, ò.å. ïðîèçâîäíàÿ ïðîäîëü-
íîé ñêîðîñòè ïî íîðìàëüíîé êîîðäèíàòå íà îñè

ðàâíà íóëþ: 0
du
dy

=  [15];

— âáëèçè âûõîäà ìîæåò áûòü óñòàíîâëåíî
òîëüêî èñêóññòâåííîå ãðàíè÷íîå óñëîâèå, ïî-
ñêîëüêó ïîòîê èñêóññòâåííî îòðåçàí, è çàäàåòñÿ

îíî êàê 0
du
dx

=  [17].

Ðèñ. 1. Ðàñ÷åòíàÿ ñåòêà
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íèå ïðîôèëÿ Íüþòîíà ñ ïîëíîé ïðîèçâîäíîé
ñêîðîñòè ïî íîðìàëüíîé êîîðäèíàòå. Ðàñ÷åòàìè
ïî ïðîãðàììå «Ansys» áûëà òàêæå ïîêàçàíà ëèíåé-
íàÿ çàâèñèìîñòü ïðîôèëÿ â ýòîé îáëàñòè. Ýòîò
ôàêò ìîæåò ãîâîðèòü îá îñîáåííîñòÿõ ïîñòðîåíèÿ
ñòðóêòóðû ïðîãðàììû «Ansys». Î÷åíü âàæíî ïðè-
ñóòñòâèå òàêîãî ôàêòà ïðè ìíîãèõ ðàñ÷åòàõ: íà
òðåíèå, òåïëîîáìåí, ðàçðóøåíèå óíîñèìîé ñòåíêè
[19, 20].

Ïðèñóòñòâèå ëàìèíàðíîãî ïîäñëîÿ ïîäêðåïè-
ëî óòâåðæäåíèå î ïðàâèëüíîñòè èñïîëüçîâàíèÿ
óðàâíåíèé ëàìèíàðíûõ ïîòîêîâ ïðè ðàçðàáîòêå
ïðîãðàììû.

Ðàñ÷åòû ëàìèíàðíûõ ïîòîêîâ äàëè ñëåäóþùèå
ðåçóëüòàòû. Ïðîôèëü ñêîðîñòè ëàìèíàðíîãî ïî-
òîêà îêîëî ñòåíêè òàêæå ïîêàçàë ëèíåéíûé õàðàê-
òåð â íåïîñðåäñòâåííîé áëèçîñòè ó ñòåíêè. Ïðî-
ôèëü äàëåå ïðèîáðåòàåò ÷åðåç èçëîì ïðàêòè÷åñ-

Ðèñ. 2. Ãðàíè÷íûå óñëîâèÿ è ðàñ÷åòíàÿ ñåòêà ó ñòåíêè

Ðèñ. 3. Ïðîôèëü ñêîðîñòè ñ èñïîëüçîâàíèåì ìîäåëè òóðáóëåíòíîñòè ïî óìîë÷àíèþ



172 Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.28. ¹2

Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

êè ïîñòîÿííîå çíà÷åíèå. Ñêîðåå âñåãî, êîîðäèíà-
òà èçëîìà ðàçãðàíè÷èâàåò îáëàñòè âÿçêèõ ïðèñòå-
íî÷íûõ ïîòîêîâ è ïîòîêîâ â ÿäðå. Íà ðèñ. 4 ïðî-
äåìîíñòðèðîâàí ïðîôèëü ñêîðîñòè.

Äëÿ îöåíêè àäåêâàòíîñòè ðàñ÷åòîâ, ïîëó÷åí-
íûõ ïî íàïèñàííîé ïðîãðàììå, áûëè ñäåëàíû ðàñ-
÷åòû ñ èñïîëüçîâàíèåì óðàâíåíèÿ Ýéëåðà. Âèä-
íî, ÷òî ñêîðîñòè, ïîëó÷åííûå ñ ïîìîùüþ óðàâ-

íåíèé Ýéëåðà äëÿ èäåàëüíîãî ãàçà, áîëüøå, ÷åì
ñêîðîñòè ëàìèíàðíîãî òå÷åíèÿ, íà 3 %, ÷òî ÿâëÿ-
åòñÿ ëîãè÷íûì èç-çà ïðèñóòñòâèÿ â óðàâíåíèè
÷ëåíà, ó÷èòûâàþùåãî âÿçêîñòü-óïðóãîñòü, òàê êàê
èçâåñòíî, ÷òî èäåàëüíîå óðàâíåíèå äàåò ìàêñè-
ìàëüíîå çíà÷åíèå ñêîðîñòè. Íà ðèñ. 5 ïîêàçàíî
ñðàâíåíèå ðàññ÷èòàííûõ ïðîôèëåé.

Ðèñ. 4. Ïðîôèëü ñêîðîñòè ñ èñïîëüçîâàíèåì ìîäåëè ëàìèíàðíîãî ïîòîêà

Ðèñ. 5. Ñðàâíåíèå ïðîôèëåé ñêîðîñòåé ïî óðàâíåíèþ ëàìèíàðíîãî ïîòîêà è óðàâíåíèþ Ýéëåðà
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Ïðîôèëü, ïîëó÷åííûé ïî ïðîãðàììå «Ansys»
äëÿ ëàìèíàðíîãî ïîòîêà, êà÷åñòâåííî ïîâòîðÿåò
ïðîôèëü, ðàññ÷èòàííûé â ïðîãðàììíîì êîäå
óðàâíåíèÿ â ëàìèíàðíîé ïîñòàíîâêå. Ñðàâíåíèå
ñ÷èòàëîñü êà÷åñòâåííûì, èñõîäÿ èç óòâåðæäåíèÿ,
÷òî óðàâíåíèÿ Ðåéíîëüäñà ìîãóò äàâàòü çíà÷èòåëü-
íûå îøèáêè ïðè ïðèìåíåíèè ìîäåëåé òóðáóëåí-
òíîñòè. Ýêñïåðèìåíòàëüíîå ñðàâíåíèå â äàííûé
ìîìåíò íåâîçìîæíî â ñâÿçè ñ îãðîìíûìè òðóäíî-
ñòÿìè, âîçíèêàþùèìè ïðè èçìåðåíèè ëàìèíàð-
íîãî ïîäñëîÿ. Èññëåäîâàíèå ñ èñïîëüçîâàíèåì
òðóáêè Ïèòî çàòðóäíåíî, òàê êàê ïðè íåîáõîäè-
ìîì ìàëîì ñå÷åíèè òðóáêè âîçíèêàåò êàïèëëÿð-
íûé ýôôåêò.

Íà ïîëå ñêîðîñòåé óðàâíåíèÿ ëàìèíàðíîãî
ïîòîêà (ðèñ. 6) âèäíî ñãóùåíèå ëèíèé òîêà âáëèçè
ñòåíêè, ÷òî ïîäòâåðæäàåò íàëè÷èå ïîãðàíè÷íîãî
ñëîÿ, à ïàðàëëåëüíîñòü ëèíèé ãîâîðèò î åãî ëàìè-
íàðíîñòè.

Áëàãîäàðÿ èñïîëüçîâàíèþ áîëåå ïðîñòûõ óðàâ-
íåíèé ðàñ÷åòíîå âðåìÿ äëÿ ðåøåíèÿ äàííîé çà-
äà÷è ñîñòàâëÿåò ïîðÿäêà îäíîé ìèíóòû, ðàñ÷åò

àíàëîãè÷íîé ïëîùàäêè ñ ïðîãðàììîé «Ansys» çà-
íÿë îêîëî 6 ìèíóò. Ïîëó÷åííûå ðåçóëüòàòû ïîçâî-
ëÿþò ðåêîìåíäîâàòü ïðè ðàñ÷åòå ãàçîäèíàìè÷åñ-
êèõ õàðàêòåðèñòèê æèäêîñòíîãî ðàêåòíîãî äâèãà-
òåëÿ ïðèìåíåíèå ïðåäëîæåííîãî ïîäõîäà ê îïè-
ñàíèþ òå÷åíèÿ.

Âûâîäû

1. Ðàçðàáîòàíû ìåòîä è ïðîãðàììà ðàñ÷åòà ãà-
çîäèíàìè÷åñêèõ õàðàêòåðèñòèê ÆÐÄ äëÿ ëàìèíàð-
íîãî òå÷åíèÿ.

2. Òåñòèðîâàíèå ñ èñïîëüçîâàíèåì ïðîãðàììû
«Ansys» ïîêàçàëî êà÷åñòâåííîå ñîâïàäåíèå ñ ðàñ-
÷åòàìè ïî ðàçðàáîòàííîé ïðîãðàììå.

3. Ïîêàçàíà ëèíåéíàÿ çàâèñèìîñòü ïðîôèëåé
ñêîðîñòåé âáëèçè ñòåíêè êàìåðû (íàëè÷èå ëàìè-
íàðíîãî ïîäñëîÿ).

4. Îöåíåíà ðàçíèöà àáñîëþòíûõ ñêîðîñòåé
~ 3 % èç-çà íàëè÷èÿ â óðàâíåíèè ëàìèíàðíîãî òå-
÷åíèÿ ÷ëåíà, ó÷èòûâàþùåãî âÿçêîñòü-óïðóãîñòü,
÷òî ñîîòâåòñòâóåò ãàçîäèíàìè÷åñêèì ïîòåðÿì
óäåëüíîãî èìïóëüñà òÿãè.

Ðèñ. 6. Ïîëå ñêîðîñòåé óðàâíåíèÿ ëàìèíàðíîãî ïîòîêà



174 Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.28. ¹2

Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Áèáëèîãðàôè÷åñêèé ñïèñîê

1. Pozrikidis C. High-Reynolds-number flow // Fluid
Dynamics. Theory, Computation, and Numerical
Simulation. — 3rd ed. — Boston, MA: Springer, 2017,
pp. 669-751. DOI: 10.1007/978-1-4899-7991-9_10

2. Faro A.A. Navier-Stokes Equation (An overview and the
simplification). The discourse. 2020. DOI: 10.13140/
RG.2.2.17406.00323

3. Farwig R. From Jean Leray to the millennium problem:
the Navier-Stokes equations // Journal of Evolution
Equations. 2020. DOI: 10.1007/s00028-020-00645-3

4. Shamoon J. Using HPC for Computational Fluid
Dynamics. A Guide to High Performance Computing
for CFD Engineers. — New York: Academic Press,
2015, pp. 81-100.

5. Þí À.À. Èññëåäîâàíèå òå÷åíèé è ïðî÷íîñòíîé àíà-
ëèç. — Èçä. 3-å, èñïð. è äîï. – Ì.: URSS,
ËÅÍÀÍÄ, 2014. — 427 ñ.

6. Rodriguez S. Applied Computational Fluid Dynamics
and Turbulence Modeling. Practical Tools, Tips and
Techniques. – Switzerland: Springer International
Publishing, 2019. – 306 p. DOI: 10.1007/978-3-030-
28691-0

7. Breuer M., Schmidt S. Hybrid LES-RANS Modeling of
Complex Turbulent Flows // 85th Annual Meeting of
the International Associating of Applied Mathematics
and Mechanics. 2014. Vol. 14. No. 1, pp. 647-650.
DOI: 10.1002/pamm.201410308
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Abstract

Up to now, a problem of parameters’ accurate
prediction at large Reynolds numbers is existing in gas
dynamics science. The Navier-Stokes equation of
motion is practically unsolvable with modern
technology due to the lack of computational resources.
With the Reynolds number increase, application of the
finer mesh with small computational cells is necessary,
which makes it almost impossible to calculate even
elementary problems when employing direct numerical
modeling.

Transition to solving simplified equations of
motion is widespread. Reynolds-averaged Navier-
Stokes (RANS) equations became the most popular.
However, this approach is only a subterfuge containing
inconsistencies while describing the true picture of the
flow due to many assumptions. Besides, Reynolds
equations are not substantiated experimentally.
Nevertheless, practically all Russian and foreign
electronic products of computational gas dynamics,
such as: “Ansys”, “FlowVision”, “OpenFOAM”, etc.,
are based on the RANS equations.

Thus, an alternate approach to the turbulence
description is being proposed. More understandable
and physical like is the approach where turbulence is
being characterized as a vortex flow, i.e. a flow in
which rotational motion and torsion exist aside from
the translational one. In other words, the flow will be
laminar where rotation and torsion do not present.

The article presents both computation and analysis
of the gas-dynamic characteristics of a liquid-
propellant rocket engine for laminar flow, with the
purpose to realize a physically correct task, and
significantly reduce the computational time by
employing simpler equations. The studies were
conducted in the laminar sublayer near the wall of the
model chamber of a liquid-propellant rocket engine.
The purpose of the work consisted also in writing a
program code for obtaining the characteristics of the
velocity field and its qualitative comparison with the

GAS DYNAMIC CHARACTERISTICS COMPUTING
OF A LIQUID PROPELLANT ROCKET ENGINE FOR LAMINAR FLOWS
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computational results with the “Ansys” software
package.

A system of equations for laminar flow consisted
of the equations of continuity, motion and energy in
the Poisson form is compiled and programmed in the
Python programming language in the work being
presented. Computation is performed for the chamber.
The region of two by two cm and 41 by 41 mesh points
is being set. The boundary conditions were being set
in the form of the condition adhesion on the wall,
tracking on the centerline, and artificial flow limiting
at the outlet. Initial conditions are the longitudinal of
u = 100 m/s and transverse of v = 0 m/s velocities,
dynamic viscosity of μ = 10–4 Pa·s, the initial densities

field value of ρ = 6 kg/m3.

The computational results were analyzed with the
“Ansys” program. For this purpose, the flow
computation near the wall was performed for the
combustion chamber using the default turbulence
model. As the result, the hypothesis for the laminar
sublayer existence near the wall was confirmed, which
substantiated the statement on the laminar flows
application correctness while this program developing.
The presence of this fact is of great importance in
many computations such as computations for friction,
heat exchange, and carried-away wall destruction. The
computation of the flow near the wall, using the
laminar model, was performed as well.

To assess the adequacy of the results obtained by
the developed program, computations were made
using the Euler equation. The velocities of the ideal
gas obtained with the Euler equations are 3% greater
than for the laminar case.

The profile obtained for laminar flow by the
“Ansys” program qualitatively repeats the profile
calculated in the equation program code in the laminar
formulation.

The current lines concentration near the wall can
be observed in the velocities field, which confirms the



176 Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò.28. ¹2

Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

presence of a boundary layer, and the lines parallelism
indicates its laminarity.

Thus, the following conclusions can be drawn:
1. A method and a program for the gas-dynamic

characteristics computing of the liquid-propellant
rocket engine for laminar flow are developed;

2. Testing with the “Ansys” program revealed a
qualitative match with the calculations by the
developed program;

3. The linear dependence of the velocity profiles
near the chamber wall (the presence of a laminar
sublayer) is shown;

4. The difference in absolute velocities due to the
viscoelastic term is estimated at ~3%, which
corresponds to the gas-dynamics losses of the specific
thrust momentum.

Keywords: Navier-Stokes equation, laminar flow,
laminar sublayer, velocity profile near the wall.
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