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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Ââåäåíèå

Ó÷åò îñîáåííîñòåé òåïëîîòäà÷è â ïðîòî÷íûõ
÷àñòÿõ òóðáîíàñîñíûõ àãðåãàòîâ (ÒÍÀ) æèäêî-
ñòíûõ ðàêåòíûõ äâèãàòåëåé (ÆÐÄ) ÿâëÿåòñÿ àêòó-
àëüíîé çàäà÷åé. Â íàñòîÿùåå âðåìÿ ó÷åò îñîáåí-
íîñòåé òå÷åíèÿ ñ òåïëîîòäà÷åé ïðè ðåàëèçàöèè
ïîòåíöèàëüíîãî è âèõðåâîãî âðàùàòåëüíîãî òå÷å-
íèÿ â ïðîòî÷íûõ ÷àñòÿõ â îñíîâíîì îñóùåñòâëÿ-
åòñÿ ñëåäóþùèìè ìåòîäàìè: èñïîëüçîâàíèåì ýì-
ïèðè÷åñêèõ óðàâíåíèé, ÷èñëåííûìè è àíàëèòè-
÷åñêèìè ìåòîäàìè ðåøåíèÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ [1].

Ïåðâûé ìåòîä íå âñåãäà îáåñïå÷èâàåò òðåáóå-
ìóþ òî÷íîñòü ðàñ÷åòà ãèäðîäèíàìè÷åñêèõ è òåï-
ëîâûõ õàðàêòåðèñòèê âðàùàòåëüíûõ òå÷åíèé ñ
ó÷åòîì òåïëîîòäà÷è è òðåáóåò äîïîëíèòåëüíûõ
óòî÷íÿþùèõ ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé.
Êàê ïðàâèëî, ýòî òðåáóåò áîëüøèõ âðåìåííûõ è
ìàòåðèàëüíûõ çàòðàò íà ïîñòàíîâêó è ïðîâåäåíèå
èññëåäîâàíèé.
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Ïðåäëîæåíà ìîäåëü ðàñïðåäåëåíèÿ äèíàìè÷åñêîãî è òåìïåðàòóðíîãî ïðîñòðàíñòâåííûõ ïîãðàíè÷íûõ ñëîåâ
ñ êîíâåêòèâíîé ñîñòàâëÿþùåé (äëÿ ñëó÷àÿ Pr<1), íåîáõîäèìàÿ äëÿ àíàëèòè÷åñêîãî îïðåäåëåíèÿ ëîêàëüíîãî êî-
ýôôèöèåíòà òåïëîîòäà÷è â ïîëîñòÿõ âðàùåíèÿ òóðáèí æèäêîñòíûõ ðàêåòíûõ äâèãàòåëåé. Ïîëó÷åíî èíòåãðàëü-
íîå ñîîòíîøåíèå óðàâíåíèÿ ýíåðãèè òåìïåðàòóðíîãî ïðîñòðàíñòâåííîãî ïîãðàíè÷íîãî ñëîÿ, ïîçâîëÿþùåãî âåñ-
òè èíòåãðèðîâàíèå ïî ïîâåðõíîñòè ëþáîé ôîðìû, íåîáõîäèìîå äëÿ îïðåäåëåíèÿ òîëùèíû ïîòåðè ýíåðãèè. Ñ ó÷åòîì
èíòåãðàëüíîãî ñîîòíîøåíèÿ çàïèñàí çàêîí òåïëîîáìåíà òóðáóëåíòíîãî ïîãðàíè÷íîãî ñëîÿ äëÿ ïîëîñòåé âðàùå-
íèÿ. Àíàëèòè÷åñêèì ïóòåì ïîëó÷åíû âûðàæåíèÿ äëÿ îïðåäåëåíèÿ ëîêàëüíîãî êîýôôèöèåíòà òåïëîîòäà÷è â âèäå
êðèòåðèÿ Ñòàíòîíà äëÿ ïðÿìîëèíåéíîãî ðàâíîìåðíîãî òå÷åíèÿ ïîòîêà, âðàùàòåëüíîãî òå÷åíèÿ ïî çàêîíó òâåð-
äîãî òåëà è âðàùàòåëüíîãî òå÷åíèÿ ñâîáîäíîãî âèõðÿ ñòåïåííîãî ïðîôèëÿ ðàñïðåäåëåíèÿ ïàðàìåòðîâ äèíàìè÷åñêîãî
è òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ. Àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ êîýôôèöèåíòîâ òåïëîîòäà÷è õîðîøî ñîãëà-
ñóþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè è çàâèñèìîñòÿìè, ïîëó÷åííûìè äðóãèìè àâòîðàìè.

Êëþ÷åâûå ñëîâà: òåìïåðàòóðíûé ïîãðàíè÷íûé ñëîé, êîýôôèöèåíò òåïëîîòäà÷è, èíòåãðàëüíîå ñîîòíîøåíèå
óðàâíåíèÿ ýíåðãèè, ïðîòî÷íàÿ ÷àñòü òóðáîíàñîñíîãî àãðåãàòà.

×èñëåííûå ìåòîäû äîñòàòî÷íî ñëîæíû â èñ-
ïîëüçîâàíèè ïðè èíæåíåðíûõ ðàñ÷åòàõ, è äëÿ èõ
ðåàëèçàöèè òðåáóåòñÿ ñïåöèàëèçèðîâàííîå ïðî-
ãðàììíîå îáåñïå÷åíèå. ×èñëåííûå ìåòîäû èññëå-
äîâàíèÿ èñïîëüçóþò ïðÿìîå ÷èñëåííîå ìîäåëèðî-
âàíèå (ìåòîä DNS) è óñðåäíåííûå óðàâíåíèÿ
Íàâüå—Ñòîêñà è Ðåéíîëüäñà (ìåòîä RANS). Âû-
áîð ìåòîäà çàâèñèò îò ñëîæíîñòè ïðîáëåìû è
òðåáóåìîé òî÷íîñòè ðåçóëüòàòîâ. Äîñòàòî÷íî ÷à-
ñòî èñïîëüçóåòñÿ ìåòîä RANS ñ ïðèìåíåíèåì ìî-
äåëåé k- ε  è k- ω  òóðáóëåíòíîñòè [2—7]. Âîïðîñû
òåïëîîòäà÷è ïðè îáòåêàíèè êðèâîëèíåéíîé ïî-
âåðõíîñòè ñ ïðîäîëüíîé êðèâèçíîé ãàçîîáðàçíûì
ïîòîêîì ðàáî÷åãî òåëà òàêæå ðàññìîòðåíû â ðà-
áîòàõ [8—10], ãäå èññëåäîâàíû ñëó÷àè îáòåêàíèÿ
ëîïàòîê òóðáèí. Â ðàáîòå [11] èññëåäóåòñÿ êîíâåê-
òèâíûé òåïëîîáìåí â êàíàëå ñ ïåðèîäè÷åñêèìè
âûñòóïàìè íà îñíîâå ìíîãîáëî÷íûõ âû÷èñëèòåëü-
íûõ òåõíîëîãèé, îñíîâàííûõ íà ðåøåíèè ôàêòî-
ðèçîâàííûì êîíå÷íî-îáú¸ìíûì ìåòîäîì óðàâíå-
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íèé Ðåéíîëüäñà, çàìûêàåìûõ ñ ïîìîùüþ ìîäåëè
ïåðåíîñà ñäâèãîâûõ íàïðÿæåíèé Ìåíòåðà, è óðàâ-
íåíèÿ ýíåðãèè íà ðàçíîìàñøòàáíûõ ïåðåñåêàþ-
ùèõñÿ ñòðóêòóðèðîâàííûõ ñåòêàõ.

Àíàëèòè÷åñêèé ìåòîä ïîçâîëÿåò ïîëó÷èòü àíà-
ëèòè÷åñêèå çàâèñèìîñòè, ïðèìåíèìûå äëÿ èíæå-
íåðíûõ ðàñ÷åòîâ â øèðîêîì äèàïàçîíå âîçìîæíûõ
âàðèàöèé êîíñòðóêòèâíûõ è ðåæèìíî-ýêñïëóàòà-
öèîííûõ ïàðàìåòðîâ. Àíàëèòè÷åñêèå ìåòîäû, êàê
ïðàâèëî, ðàçðàáàòûâàëèñü äëÿ ïðÿìîëèíåéíîãî
ðàâíîìåðíîãî òå÷åíèÿ, è èõ ïðèìåíåíèå èìååò ðÿä
îãðàíè÷åíèé. Îäíî èç ðàííèõ èññëåäîâàíèé — ýòî
ðàáîòà Å.Ë. Êíóòà [12], â êîòîðîé àíàëèç îñíîâàí
íà ðàñøèðåííîé àíàëîãèè Ðåéíîëüäñà ñ ïåðåäà-
÷åé òåïëà, ìàññû è èìïóëüñà â ðàçâèòîì òóðáóëåí-
òíîì ïîòîêå â òðóáå. Èñïîëüçîâàíèå ïðîôèëÿ ðàñ-
ïðåäåëåíèÿ ñêîðîñòè è òåìïåðàòóðû â ïîãðàíè÷-
íîì ñëîå ïðåäëîæåíî Â.Ä. Ðàííè [13] è ìîäèôè-
öèðîâàíî Ä.Ë. Òóðêîòòîì [14]. Àíàëèç ïîäñëîÿ,
ïðîâåäåííûé Òóðêîòòîì, ó÷èòûâàë âëèÿíèå òåï-
ëîîáìåíà íà òóðáóëåíòíîñòü. Àíàëèòè÷åêèå ìåòî-
äû îïðåäåëåíèÿ êîýôôèöèåíòîâ òåïëîîòäà÷è,
ïðåäëîæåííûå â ðàáîòàõ [15, 16], ó÷èòûâàþò êîí-
âåêòèâíûé ïåðåíîñ òåïëà â êàìåðàõ ÆÐÄ è ïðåä-
íàçíà÷åíû äëÿ èññëåäîâàíèÿ ïðÿìîëèíåéíîãî
òóðáóëåíòíîãî òå÷åíèÿ. Îäíîìåðíàÿ àíàëèòè÷åñ-
êàÿ ìîäåëü, äëÿ äîêðèòè÷åñêèõ óñëîâèé, òàêæå
ïðåäëîæåíà Ñ.Ð. Øàéíîì [17].

Îñîáåííîñòè êîíñòðóêöèè òóðáèí ÒÍÀ ÆÐÄ
è îáúåêò èññëåäîâàíèÿ

Ïðè ïðîåêòèðîâàíèè äèàìåòð òóðáèíû ÒÍÀ
ÆÐÄ âûáèðàåòñÿ ñ ó÷åòîì êîìïîíîâêè è îáåñïå-
÷åíèÿ ìèíèìàëüíûõ ãàáàðèòîâ è ëèìèòèðóåòñÿ
ïðî÷íîñòüþ ðîòîðà òóðáèíû. Èç àíàëèçà àäèàáàò-
íîé ðàáîòû èçâåñòíî, ÷òî ïðè âûáðàííîì ðàáî÷åì
òåëå íàèáîëüøåå çíà÷åíèå àäèàáàòíîé ðàáîòû äî-
ñòèãàåòñÿ ïðè âûñîêèõ òåìïåðàòóðàõ è áîëüøèõ
îòíîøåíèÿõ äàâëåíèé.

Çíà÷åíèÿ òåìïåðàòóð îãðàíè÷èâàþòñÿ ðàáîòî-
ñïîñîáíîñòüþ êîíñòðóêöèè. Â ÆÐÄ ïðèìåíÿþò-
ñÿ íåîõëàæäàåìûå òóðáèíû. Èç-çà êîíñòðóêòèâ-
íûõ îñîáåííîñòåé è ñâîéñòâ ïðèìåíÿåìûõ ìàòå-
ðèàëîâ òåìïåðàòóðà ðàáî÷åãî òåëà ïåðåä íåîõëàæ-
äàåìîé òóðáèíîé îãðàíè÷èâàåòñÿ, êàê ïðàâèëî, äëÿ

âîññòàíîâèòåëüíîãî ãàçà 1000—1200 °Ñ, äëÿ îêèñ-

ëèòåëüíîãî ãàçà 700—900 °Ñ. ×åì áîëüøóþ òåìïå-
ðàòóðó ïåðåä òóðáèíîé ìîæíî äîïóñòèòü, òåì ìåíü-
øå äîëæíî áûòü äàâëåíèå ïåðåä òóðáèíîé. Èç-çà
îñîáåííîñòåé êîíñòðóêöèè òóðáèíû ÆÐÄ âûïîë-
íÿþò îäíîñòóïåí÷àòûìè è ðåæå äâóõñòóïåí÷àòûìè.

Âûñîêèå òåìïåðàòóðû ðàáî÷åãî òåëà ïðèâîäÿò
ê òåìïåðàòóðíûì äåôîðìàöèÿì, â òîì ÷èñëå è

äèñêîâ òóðáèí [18]. Ïðè ïðîåêòèðîâàíèè ïðîòî÷-
íûõ ÷àñòåé óçëîâ è àãðåãàòîâ ÒÍÀ ÆÐÄ íåîáõî-
äèìî ó÷èòûâàòü èçìåíåíèå òåìïåðàòóðû ïîòîêà
ðàáî÷åãî òåëà ïî äëèíå ðàáî÷åãî êàíàëà, òàê êàê
ïàðàìåòð âÿçêîñòè ÿâëÿåòñÿ ôóíêöèåé òåìïåðàòó-
ðû è îïðåäåëÿåò ðåæèì òå÷åíèÿ è, êàê ñëåäñòâèå,
ïîòåðè, â ÷àñòíîñòè äèñêîâîå òðåíèå è ãèäðîäè-
íàìè÷åñêèå ïîòåðè â ïðîòî÷íîé ÷àñòè.

Îïòèìàëüíûé óðîâåíü ñòàáèëüíîñòè ýíåðãåòè-
÷åñêèõ ïàðàìåòðîâ òóðáîíàñîñíûõ àãðåãàòîâ
(ÒÍÀ) îáåñïå÷èâàåòñÿ â ïðîöåññå îïûòíî-êîíñò-
ðóêòîðñêèõ ðàáîò ïóòåì êîððåêòèðîâêè ãåîìåòðè-
÷åñêèõ ðàçìåðîâ äåòàëåé è ñáîðî÷íûõ åäèíèö ãà-
çîäèíàìè÷åñêîãî òðàêòà, âûáîðà òåõíîëîãè÷åñêèõ
ñõåì ðàçìåðíîé îáðàáîòêè, ñáîðêè è èñïûòàíèé
òóðáèí ñ ïðèâëå÷åíèåì çíà÷èòåëüíîãî îáúåìà
ñòàòè÷åñêîãî ìàòåðèàëà. Â ñâÿçè ñ ýòèì ìîäåëè-
ðîâàíèå ýíåðãåòè÷åñêèõ ïàðàìåòðîâ ÒÍÀ ÆÐÄ
ïðåäñòàâëÿåò àêòóàëüíóþ íàó÷íî-òåõíè÷åñêóþ
çàäà÷ó. Âîïðîñû îïòèìèçàöèè ïàðàìåòðîâ ðàáî-
÷åãî ïðîöåññà è ìàòåìàòè÷åñêàÿ ìîäåëü ÄÓ ðàñ-
ñìîòðåíû â ðàáîòå Â.À. Ãðèãîðüåâà [19], ãäå ïðî-
âåäåí àíàëèç ìîäåëåé è ðàñêðûòû ïðèåìóùåñòâà
è íåäîñòàòêè äëÿ ðàçëè÷íûõ ýòàïîâ ïðîåêòèðîâà-
íèÿ.

Ïðè ïðîåêòèðîâàíèè òðåáîâàíèÿ ê ÒÍÀ ôîð-
ìèðóþòñÿ èñõîäÿ èç çàäà÷, âûïîëíÿåìûõ äâèãà-
òåëüíîé óñòàíîâêîé (ÄÓ), â êîòîðóþ ÒÍÀ âõîäèò
ñîñòàâíîé ÷àñòüþ è ñ êîòîðîé êîìïîíóåòñÿ êàê
åäèíûé áëîê. Òðåáîâàíèÿ ê ÄÓ â ïîëíîé ìåðå
îòíîñèòñÿ è ê ÒÍÀ: îáåñïå÷èâàòü íà âñåõ ðåæè-
ìàõ ðàáîòû äâèãàòåëÿ ïîäà÷ó êîìïîíåíòîâ òîïëè-
âà ñ òðåáóåìûì ðàñõîäîì è äàâëåíèåì ïðè âûñî-
êîé ñòåïåíè íàäåæíîñòè è ÊÏÄ; îáåñïå÷èâàòü
ìèíèìàëüíûå ðàçìåðû è ìàññó, ïðîñòîòó êîíñò-
ðóêöèè è ìèíèìàëüíóþ ñòîèìîñòü.

Îñíîâíûìè îáúåêòàìè èññëåäîâàíèÿ, â êîòî-
ðûõ ðåàëèçóåòñÿ ïîòåíöèàëüíîå è âèõðåâîå âðàùà-
òåëüíîå òå÷åíèå, ÿâëÿþòñÿ êîíñòðóêòèâíûå ýëå-
ìåíòû ïðîòî÷íûõ ÷àñòåé ãàçîâûõ òóðáèí ÆÐÄ:
ïîäâîäÿùåå è îòâîäÿùåå óñòðîéñòâî, ïîëîñòè
ìåæäó ñòàòîðîì è ðàáî÷èì êîëåñîì [20].

Ïîñòàíîâêà çàäà÷è èññëåäîâàíèÿ

Ïðè îáîáùåííîé ïîñòàíîâêå çàäà÷è î òå÷åíèè
æèäêîñòè ïðè òåïëîîáìåíå ñ ïîâåðõíîñòüþ àãðå-
ãàòîâ, òàêèõ, êàê êîìïðåññîðû, äåòàíäåðû, íàñî-
ñû êðèîãåííûõ êîìïîíåíòîâ è ò.ï., íåîáõîäèìî
ó÷èòûâàòü èçìåíåíèå òåìïåðàòóðû ïîòîêà ïî äëè-
íå ðàáî÷åãî êàíàëà, ïîñêîëüêó âÿçêîñòü, êàê ôóí-
êöèÿ òåìïåðàòóðû, â îñíîâíîì îïðåäåëÿåò ðåæèì
òå÷åíèÿ è, êàê ñëåäñòâèå, ãèäðàâëè÷åñêèå ïîòåðè
[21].
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Äëÿ ñëó÷àÿ òå÷åíèÿ íåñæèìàåìîé æèäêîñòè
íåîáõîäèìî è äîñòàòî÷íî ñîâìåñòíîãî ðåøåíèÿ
óðàâíåíèé äâèæåíèÿ è ýíåðãèè â ãðàíè÷íûõ óñ-
ëîâèÿõ ïðîñòðàíñòâåííîãî ïîãðàíè÷íîãî ñëîÿ
[22], äëÿ ñæèìàåìîé æèäêîñòè íåîáõîäèìî äîïîë-
íåíèå ñèñòåìû óðàâíåíèåì ñîñòîÿíèÿ.

Ïðîöåññû òåïëîîòäà÷è â ýíåðãåòè÷åñêèõ óñòà-
íîâêàõ âî ìíîãîì ñõîæè, íî ïðè àíàëèçå è âûâî-
äå óðàâíåíèé òåïëîîáìåíà äëÿ ãðàíè÷íûõ óñëîâèé
ÆÐÄ ñóùåñòâóþò îïðåäåëåííûå îòëè÷èÿ. Îñíîâ-
íûå îòëè÷èÿ çàêëþ÷àþòñÿ â ñëåäóþùåì: ýêñòðå-
ìàëüíî âûñîêèå çíà÷åíèÿ òåïëîâûõ ïîòîêîâ, òåì-
ïåðàòóð è äàâëåíèé, íàëè÷èå âûñîêèõ ñêîðîñòåé
ïîòîêîâ, íà÷àëüíîå òóðáóëåíòíîå ñîñòîÿíèå ïîòî-
êîâ â àêòèâíîé çîíå, ðàáî÷èå òåëà ìîãóò íàõîäèòü-
ñÿ â ãàçîîáðàçíîì è æèäêîì ñîñòîÿíèè, ýôôåêòû
êðèâèçíû ïîâåðõíîñòè, íàëè÷èå ãðàäèåíòîâ ïëîò-
íîñòè è ñæèìàåìîñòè, íåñòàöèîíàðíîñòü òåïëîâûõ
ïîòîêîâ è íåóñòîé÷èâîñòü ïîòîêîâ â àêòèâíîé
çîíå òåïëîîáìåíà [23].

Çàêîí òåïëîîáìåíà òóðáóëåíòíîãî òå÷åíèÿ
òåìïåðàòóðíîãî ïðîñòðàíñòâåííîãî
ïîãðàíè÷íîãî ñëîÿ. Èíòåãðàëüíîå ñîîòíîøåíèå
óðàâíåíèÿ ýíåðãèè

Ïðè ÷èñëàõ Ïðàíäòëÿ, ìåíüøèõ åäèíèöû
(Pr < 1 õàðàêòåðíî äëÿ ãàçîîáðàçíûõ ðàáî÷èõ òåë,
â òîì ÷èñëå è ïðîäóêòîâ ñãîðàíèÿ), òîëùèíà äè-
íàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ ìåíüøå òîëùè-

íû òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ, ò. å. δ < tδ

(ðèñ. 1). Ïðè î÷åíü íèçêèõ ÷èñëàõ Ïðàíäòëÿ (æèä-
êèå ìåòàëëû) ìîëåêóëÿðíàÿ òåïëîïðîâîäíîñòü ÿâ-
ëÿåòñÿ îñíîâíûì ìåõàíèçìîì ïåðåíîñà òåïëà è åþ
íåëüçÿ ïðåíåáðå÷ü äàæå â òóðáóëåíòíîì ÿäðå ïî-
òîêà. Ïðè íèçêèõ ÷èñëàõ Ïðàíäòëÿ òåðìè÷åñêîå
ñîïðîòèâëåíèå ðàñïðåäåëåíî ïî âñåìó ñå÷åíèþ
ïîòîêà [24].

Ïðèìåì, ÷òî â ãðàíèöàõ äèíàìè÷åñêîãî ïîãðà-
íè÷íîãî ñëîÿ èçìåíåíèå òåìïåðàòóðû ïðîèñõîäèò
çà ñ÷åò ïåðåíîñà ñêîðîñòè, à çà åãî ïðåäåëàìè –
òîëüêî çà ñ÷åò ìîëåêóëÿðíîé òåïëîïðîâîäíîñòè.
Äàííîå ïðåäïîëîæåíèå õîðîøî ñîãëàñóåòñÿ ñ âû-
âîäàìè Êåéñà, òàê êàê ïðè î÷åíü íèçêèõ ÷èñëàõ
Ïðàíäòëÿ òîëùèíà äèíàìè÷åñêîãî ïîãðàíè÷íîãî
ñëîÿ â çíà÷èòåëüíîé ñòåïåíè ìåíüøå òîëùèíû
òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ. Ñîîòâåòñòâåí-
íî, òåðìè÷åñêîå ñîïðîòèâëåíèå ïðèñóòñòâóåò ïî
âñåé òîëùèíå òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ.
Â ãðàíèöàõ äèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ
òåðìè÷åñêîå ñîïðîòèâëåíèå îáóñëîâëåíî òóðáó-
ëåíòíûì ïåðåíîñîì òåïëà, à âíå ãðàíèö äèíàìè-
÷åñêîãî ïîãðàíè÷íîãî ñëîÿ – ìîëåêóëÿðíîé òåï-
ëîïðîâîäíîñòüþ.

Ðàññìîòðèì âûðàæåíèå òîëùèíû ïîòåðè ýíåð-
ãèè òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ [25]:
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Ãðàíèöû èíòåãðèðîâàíèÿ òîëùèíû ïîòåðè
ýíåðãèè (1) íåîáõîäèìî ðàçáèòü íà äâà õàðàêòåð-
íûõ ó÷àñòêà. Ïåðâûé ó÷àñòîê èíòåãðèðîâàíèÿ
ëåæèò â ãðàíèöàõ òîëùèíû äèíàìè÷åñêîãî ïîãðà-

íè÷íîãî ñëîÿ δ , âòîðîé ó÷àñòîê èíòåãðèðîâàíèÿ
– â ãðàíèöàõ îêîí÷àíèÿ òîëùèíû äèíàìè÷åñêî-

ãî ïîãðàíè÷íîãî ñëîÿ δ  äî îêîí÷àíèÿ òåìïåðà-

òóðíîãî ïîãðàíè÷íîãî ñëîÿ tδ .

Çàïèøåì âûðàæåíèå òîëùèíû ïîòåðè ýíåðãèè
(1) äëÿ ðàññìàòðèâàåìîé ìîäåëè ðàñïðåäåëåíèÿ
òåìïåðàòóðíîãî è äèíàìè÷åñêîãî ïîãðàíè÷íûõ
ñëîåâ, ñ ïðèíÿòîé ìîäåëüþ ðàçáèåíèÿ íà äâà õà-
ðàêòåðíûõ ó÷àñòêà èíòåãðèðîâàíèÿ:
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Ñ ïðèìåíåíèåì óðàâíåíèÿ (2) ñòàíîâèòñÿ âîç-
ìîæíûì îïðåäåëèòü âèä çàêîíà òåïëîîáìåíà äëÿ
ñëó÷àÿ Pr < 1. Äëÿ äàëüíåéøåãî èñïîëüçîâàíèÿ
óðàâíåíèå (2) íåîáõîäèìî ïðîèíòåãðèðîâàòü ñ
ó÷åòîì ïðèíÿòûõ çàêîíîâ ðàñïðåäåëåíèÿ ïðîôè-
ëÿ ñêîðîñòè â ïîãðàíè÷íîì ñëîå. Äàëåå ïîñëåäî-
âàòåëüíî ðàññìîòðèì ñíà÷àëà ñòåïåííîé ïðîôèëü,
ïîòîì ãðàäèåíòíûé.

Ðàñïðåäåëåíèå äèíàìè÷åñêîãî ïîãðàíè÷íîãî
ñëîÿ àïïðîêñèìèðóåì ñòåïåííîé ôóíêöèåé âèäà

1

.
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U δ
Ê ˆ= Á ˜Ë ¯

Ðèñ. 1. Ìîäåëü ðàñïðåäåëåíèÿ òåìïåðàòóðíîãî è äèíà-
ìè÷åñêîãî ïîãðàíè÷íûõ ñëîåâ ïðè Pr < 1
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
ëåòàòåëüíûõ àïïàðàòîâ plants for flying vehicles

Ðàñïðåäåëåíèå òåìïåðàòóðíîãî ïîãðàíè÷íîãî
ñëîÿ àïïðîêñèìèðóåì ôóíêöèåé âèäà

1
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.
m

t
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T Tδ δ
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Ó÷èòûâàÿ ïðèíÿòóþ ìîäåëü ðàñïðåäåëåíèÿ äè-
íàìè÷åñêîãî è òåìïåðàòóðíîãî ïîãðàíè÷íûõ ñëîåâ
è ôóíêöèè ðàñïðåäåëåíèÿ ïàðàìåòðîâ äèíàìè÷åñ-
êîãî è òåìïåðàòóðíîãî ñëîåâ, çàïèøåì âûðàæåíèå
äëÿ òîëùèíû ïîòåðè ýíåðãèè:
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Ú Ú  (3)

Ó÷òåì, ÷òî â ïåðâîì ÷ëåíå óðàâíåíèÿ (3) ïðî-
ôèëè ðàñïðåäåëåíèÿ äèíàìè÷åñêîãî è òåìïåðàòóð-
íîãî ïîãðàíè÷íûõ ñëîåâ ñîâïàäàþò. Òîãäà â ãðà-
íèöàõ èíòåãðèðîâàíèÿ ïåðâîãî ÷ëåíà óðàâíåíèÿ
(3) ñîâïàäàþò è òîëùèíû òåìïåðàòóðíîãî è äèíà-

ìè÷åñêîãî ïîãðàíè÷íûõ ñëîåâ, ò. å. tδ = δ . Ðàñ-

ñìàòðèâàÿ âòîðîé ÷ëåí óðàâíåíèÿ (3), îòìåòèì,
÷òî èçìåíåíèÿ äèíàìè÷åñêîãî ïîãðàíè÷íîãî ñëîÿ
âäîëü îñè Y â ãðàíèöàõ èíòåãðèðîâàíèÿ íå ïðîèñ-
õîäèò è ñêîðîñòü ïîòîêà ðàâíà ñêîðîñòè ïîòîêà â
ÿäðå òå÷åíèÿ. Òîãäà ðàñïðåäåëåíèå äèíàìè÷åñêîãî
ïîãðàíè÷íîãî ñëîÿ âî âòîðîì ÷ëåíå óðàâíåíèÿ (3)
çàïèøåòñÿ â âèäå
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Òàêæå âî âòîðîì ÷ëåíå óðàâíåíèÿ (3) èçìåíå-
íèå ýïþðû òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ
ïðîèñõîäèò òîëüêî çà ñ÷åò ìîëåêóëÿðíîé òåïëî-
ïðîâîäíîñòè. Íåîáõîäèìî ó÷åñòü, ÷òî äëÿ äàííî-
ãî ó÷àñòêà ýïþðà ïðîôèëÿ âûãëÿäèò ñëåäóþùèì
îáðàçîì:
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è äèíàìè÷åñêîãî ïðîôèëåé äëÿ ôèçè÷åñêîé ìî-
äåëè òåïëîïðîâîäíîñòè ïðè Pr < 1 (ðèñ. 2) ñ êîí-
âåêòèâíîé ñîñòàâëÿþùåé, çàïèøåì:
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Ïåðåïèøåì âûðàæåíèå äëÿ òîëùèíû ïîòåðè
ýíåðãèè ñ ó÷åòîì ïðèíÿòîé äâóõñëîéíîé ìîäåëè
ðàñïðåäåëåíèÿ òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ
ñ íàëè÷èåì òåïëîîòäà÷è ïðè óñëîâèè Pr < 1:
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Ú Ú     (4)

Ïðîâåäåì çàìåíó ïåðåìåííûõ â óðàâíåíèè
òîëùèíû ïîòåðè ýíåðãèè òåìïåðàòóðíîãî ïîãðà-
íè÷íîãî ñëîÿ (4):
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Ðàññìîòðèì ïåðâûé ÷ëåí óðàâíåíèÿ:
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Ðèñ. 2. Ñîïðÿæåíèå òåìïåðàòóðíîãî è äèíàìè÷åñêîãî
ïðîôèëåé äëÿ ôèçè÷åñêîé ìîäåëè ïðè Pr < 1
(        – äèíàìè÷åñêèé ïîãðàíè÷íûé ñëîé ñî ñòåïåí-
íûì ðàñïðåäåëåíèåì ñêîðîñòè; - - - - – òåìïåðàòóðíûé
ïîãðàíè÷íûé ñëîé)
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Òåïëîâûå, ýëåêòðîðàêåòíûå äâèãàòåëè è ýíåðãîóñòàíîâêè Thermal engines, electric propulsion and power
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Ðàññìîòðèì âòîðîé ÷ëåí óðàâíåíèÿ äëÿ îïðå-
äåëåíèÿ òîëùèíû ïîòåðè ýíåðãèè òåìïåðàòóðíî-
ãî ïîãðàíè÷íîãî ñëîÿ:
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Òîãäà âûðàæåíèå äëÿ òîëùèíû ïîòåðè ýíåð-
ãèè (4) ñ ó÷åòîì (5) è (6) çàïèøåòñÿ êàê
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Äëÿ çàêîíà òåïëîîáìåíà â âèäå êðèòåðèÿ
Ñòàíòîíà íåîáõîäèìî îïðåäåëèòü ïðîèçâîäíóþ
òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ íà ñòåíêå ïî-
âåðõíîñòè òåïëîîáìåíà. Òàê êàê ïðîèçâîäíàÿ íå
ñóùåñòâóåò ôîðìàëüíî ïðè m < 1, îïðåäåëÿåì åå
èç ïðèíÿòîé äâóõñëîéíîé ìîäåëè òóðáóëåíòíîñ-
òè ñ ëàìèíàðíûì ïîäñëîåì. Ó÷èòûâàÿ, ÷òî â ëà-
ìèíàðíîì ïîäñëîå ïðîôèëè äèíàìè÷åñêîãî è òåì-
ïåðàòóðíîãî ÏÏÑ ñîâïàäàþò, èñõîäÿ èç ïðèíÿòîé
ìîäåëè
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âûðàçèì òîëùèíó äèíàìè÷åñêîãî ïîãðàíè÷íîãî
ñëîÿ èç (9):
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Òîãäà òîëùèíà òåìïåðàòóðíîãî ïîãðàíè÷íîãî
ñëîÿ îïðåäåëèòñÿ êàê
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(12)

Èñïîëüçóÿ âûðàæåíèå äëÿ òîëùèíû ïîòåðè
ýíåðãèè (12) è ïðîâåäÿ ïðåîáðàçîâàíèÿ äëÿ ïðî-
èçâîäíîé íà ñòåíêå ïîâåðõíîñòè òåïëîîáìåíà
ïðîôèëÿ ðàñïðåäåëåíèÿ òåìïåðàòóðíîãî ïîãðà-
íè÷íîãî ñëîÿ (10), à òàêæå ó÷èòûâàÿ çàêîí òåïëî-
îáìåíà, ïîëó÷èì
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   (14)

Ó÷èòûâàÿ ñòåïåíü òóðáóëèçàöèè ïðîôèëåé
ðàñïðåäåëåíèÿ òåïëîâîãî è äèíàìè÷åñêîãî ïîãðà-
íè÷íûõ ñëîåâ ïðè m = 7, çàïèøåì
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x
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(15)

Äëÿ ïðàêòè÷åñêîé ðåàëèçàöèè çàêîíà òåïëîîá-

ìåíà íåîáõîäèìî îïðåäåëèòü çíà÷åíèå ëα . Îíî

íàõîäèòñÿ èç óñëîâèÿ ñìûêàíèÿ ëàìèíàðíîãî ïîä-
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ñëîÿ ñ òóðáóëåíòíûì ïðîôèëåì [25] ïðè ëy δ=  è ñòåïåíè ïðîôèëÿ 7:
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.
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Òåïåðü îêîí÷àòåëüíî ïîëó÷èì âûðàæåíèå äëÿ îïðåäåëåíèÿ êîýôôèöèåíòà ëàìèíàðíîãî ïîäñëîÿ
òóðáóëåíòíîãî ïðîôèëÿ ðàñïðåäåëåíèÿ òåìïåðàòóðíîãî ïîãðàíè÷íîãî ñëîÿ äëÿ ïðèíÿòîé ìîäåëè:
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Çàïèøåì èíòåãðàëüíîå ñîîòíîøåíèå óðàâíåíèÿ ýíåðãèè ÏÏÑ ñ ó÷åòîì çàêîíà òåïëîîáìåíà (14):
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                    (16)

Ïðèíèìàÿ îòíîñèòåëüíóþ õàðàêòåðíóþ òîëùèíó
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= ◊                                                            (17)

çàïèøåì
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           (18)

Ðàññìîòðèì ïðÿìîëèíåéíîå ðàâíîìåðíîå òå÷åíèå ïðè ñëåäóþùèõ ãðàíè÷íûõ óñäîâèÿõ [26]:

0, 1, 0.
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H H ϕψ
ψ ϕψ ϕ ψ

∂∂∂
= = = = =

∂ ∂ ∂

Òîãäà èíòåãðàëüíîå ñîîòíîøåíèå óðàâíåíèÿ ýíåðãèè äëÿ ïðÿìîëèíåéíîãî ðàâíîìåðíîãî òå÷åíèÿ
(3.18) ïðåîáðàçóåòñÿ ê âèäó
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                (19)

Äëÿ âðàùàòåëüíîãî òå÷åíèÿ, ðåàëèçóþùåãîñÿ â ïîëîñòÿõ ýíåðãåòè÷åñêèõ è ýíåðãîñèëîâûõ àãðåãà-
òîâ, ëèíèÿ òîêà ïðåäñòàâëÿåò ñîáîé êîëüöåâóþ ëèíèþ. Çàïèøåì èíòåãðàëüíîå ñîîòíîøåíèå óðàâíå-
íèÿ ýíåðãèè (18) â öèëèíäðè÷åñêèõ êîîðäèíàòàõ, ó÷èòûâàÿ, ÷òî äëÿ îñåñèììåòðè÷íîãî òå÷åíèÿ ïðè

ε = const âûïîëíÿþòñÿ ñîîòíîøåíèÿ  , , , 1, 1, 0, 0
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[27, 28]:
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             (20)

Èíòåãðàëüíîå ñîîòíîøåíèå óðàâíåíèÿ ýíåðãèè (20) íåîáõîäèìî äëÿ çàïèñè è îïðåäåëåíèÿ òîë-
ùèíû ïîòåðè ýíåðãèè òåìïåðàòóðíîãî ïðîñòðàíñòâåííîãî ïîãðàíè÷íîãî ñëîÿ, âõîäÿùåé â âûðàæå-
íèå äëÿ îïðåäåëåíèÿ ëîêàëüíîãî êîýôôèöèåíòà òåïëîîòäà÷è â âèäå êðèòåðèÿ Ñòàíòîíà.

Ëîêàëüíàÿ òåïëîîòäà÷à ïðè ðàçëè÷íûõ çàêîíàõ òå÷åíèÿ âíåøíåãî ïîòîêà

Äëÿ ïðÿìîëèíåéíîãî ðàâíîìåðíîãî òå÷åíèÿ ïðåíåáðåãàåì äèññèïàòèâíûì ÷ëåíîì è ïîëó÷èì
èíòåãðàëüíîå ñîîòíîøåíèå óðàâíåíèÿ ýíåðãèè (19) â ñëåäóþùåì âèäå:
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Ðàçäåëèì ïåðåìåííûå è ïðîèíòåãðèðóåì îò íóëÿ äî òåêóùåãî çíà÷åíèÿ ïåðåìåííûõ:
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Ñ ó÷åòîì âûðàæåíèÿ çàêîíà òåïëîîòäà÷è (14) è ïîëó÷åííîãî âûðàæåíèÿ äëÿ òîëùèíû ïîòåðè
ýíåðãèè (23), çàïèøåì:
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(24)

Ïðîâåäÿ ïðåîáðàçîâàíèÿ è ó÷èòûâàÿ âûðàæåíèÿ äëÿ êðèòåðèåâ Ïðàíäòëÿ Pr pCμ
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 ïîëó÷èì âûðàæåíèå äëÿ îïðåäåëåíèÿ ëîêàëüíîãî êîýôôèöèåíòà òåïëîîòäà÷è â âèäå

êðèòåðèÿ Ñòàíòîíà ïðÿìîëèíåéíîãî ðàâíîìåðíîãî òå÷åíèÿ ïðè ñòåïåííîì ïðîôèëå ðàñïðåäåëåíèÿ
ýïþðû ñêîðîñòè è òåìïåðàòóðû ïðè Pr < 1:
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Ðàññìîòðèì âðàùàòåëüíîå òå÷åíèå. Ïðåíåáðåãàÿ äèññèïàòèâíûì ÷ëåíîì â èíòåãðàëüíîì ñîîòíî-
øåíèè óðàâíåíèÿ ýíåðãèè (20), ïîëó÷èì
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Ó÷òåì, ÷òî ðåàëèçóåòñÿ âðàùàòåëüíîå òå÷åíèå ïî çàêîíó òâåðäîãî òåëà const
U
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íåíèå (26) ïðåîáðàçóåòñÿ ê âèäó
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Ñ ó÷åòîì âûðàæåíèÿ äëÿ çàêîíà òåïëîîáìåíà (14) è ïîëó÷åííîãî âûðàæåíèÿ òîëùèíû ïîòåðè
ýíåðãèè (28) îïðåäåëèì êðèòåðèé Ñòàíòîíà äëÿ âðàùàòåëüíîãî òå÷åíèÿ ïî çàêîíó òâåðäîãî òåëà ñòå-
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Ïðîâåäÿ ïðåîáðàçîâàíèÿ è ó÷èòûâàÿ êðèòåðèè Ïðàíäòëÿ Pr pCμ
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îïðåäåëèì ëîêàëüíûé êîýôôèöèåíò òåïëîîòäà÷è â âèäå êðèòåðèÿ Ñòàíòîíà äëÿ âðàùàòåëüíîãî òå÷å-
íèÿ ïî çàêîíó òâåðäîãî òåëà äëÿ ñëó÷àÿ Pr < 1:
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                    (30)

Ðàññìîòðèì âðàùàòåëüíîå òå÷åíèå, êîòîðîå îñóùåñòâëÿåòñÿ ïî çàêîíó ñâîáîäíîãî âèõðÿ
(UR = C = const), òîãäà èíòåãðàëüíîå ñîîòíîøåíèå óðàâíåíèÿ ýíåðãèè (26) ïðèìåò âèä
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Ïðîâåäÿ çàìåíó:
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ðåøàåì óðàâíåíèå (31) àíàëîãè÷íî ñëó÷àþ âðàùàòåëüíîãî òå÷åíèÿ ïî çàêîíó òâåðäîãî òåëà äëÿ Pr < 1
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Òîãäà òîëùèíà ïîòåðè ýíåðãèè îïðåäåëèòñÿ â âèäå
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èëè, ïîñëå ïîäñòàíîâêè:
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Ïîäñòàâèâ ïîëó÷åííîå âûðàæåíèå äëÿ îïðåäåëåíèÿ òîëùèíû ïîòåðè ýíåðãèè (34) â âûðàæåíèå
çàêîíà òåïëîîáìåíà (14), ïîëó÷èì
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(35)

Ïðîâåäÿ ïðåîáðàçîâàíèÿ è ó÷èòûâàÿ êðèòåðèè Ïðàíäòëÿ Pr pCμ
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                                      (36)

Òàêèì îáðàçîì, îïðåäåëåíû âûðàæåíèÿ äëÿ
ëîêàëüíîãî êîýôôèöèåíòà òåïëîîòäà÷è â âèäå
êðèòåðèÿ Ñòàíòîíà ïðè ðàçëè÷íûõ çàêîíàõ òå÷å-
íèÿ âíåøíåãî ïîòîêà äëÿ ñòåïåííîãî ïðîôèëÿ
ðàñïðåäåëåíèÿ ñêîðîñòè â ïîãðàíè÷íîì ñëîå äëÿ
ñëó÷àÿ Pr < 1.

Íà ðèñ. 3 ïîêàçàíî âëèÿíèå êðèòåðèÿ Ïðàíä-
òëÿ íà òðåíèå è òåïëîîáìåí ïî äàííûì ðàçëè÷íûõ

èññëåäîâàíèé [29]. Â îáëàñòè çíà÷åíèé ÷èñåë
Ïðàíäòëÿ Pr > 1 ïîëó÷åííûå òåîðåòè÷åñêèå çàâè-
ñèìîñòè äëÿ áåçðàçìåðíûõ êîýôôèöèåíòîâ òåïëî-
îòäà÷è â âèäå êðèòåðèåâ Ñòàíòîíà, ñ ó÷åòîì èí-
òåãðàëüíîãî ñîîòíîøåíèÿ óðàâíåíèÿ ýíåðãèè, õî-
ðîøî ñîâïàäàþò ñ çàâèñèìîñòÿìè, ïîëó÷åííûìè
äðóãèìè àâòîðàìè. Cf ïðåäñòàâëÿåò êîýôôèöèåíò
òðåíèÿ.

Ðèñ. 3.  Ñðàâíåíèå ðàçëè÷íûõ òåîðèé àíàëîãèè ìåæäó òðåíèåì è òåïëîîáìåíîì â òóðáóëåíòíûõ ïîòîêàõ ïðè Re = 107
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Êîýôôèöèåíò òåïëîîòäà÷è â âèäå êðèòåðèÿ
Íóññåëüòà ïðåäñòàâëÿåò ïðîèçâåäåíèå êðèòåðèåâ
Ñòàíòîíà, Ðåéíîëüäñà è Ïðàíäòëÿ Nu = StRePr.

Íà ðèñ. 4 ïðåäñòàâëåí ãðàôèê ðàñïðåäåëåíèÿ
áåçðàçìåðíîãî êîýôôèöèåíòà òåïëîîòäà÷è â âèäå
êðèòåðèÿ Íóññåëüòà äëÿ òóðáóëåíòíîãî âðàùàòåëü-
íîãî òå÷åíèÿ ïî çàêîíó «òâåðäîãî òåëà» ïðè êðè-
òåðèè Ïðàíäòëÿ Pr = 0,7. Òåîðåòè÷åñêàÿ çàâèñè-
ìîñòü, îïðåäåëåííàÿ ïî ìîäåëè ñ êîíâåêòèâíîé
ñîñòàâëÿþùåé, äàåò íàèëó÷øåå ñîâïàäåíèå ñ ðå-
çóëüòàòàìè ýêñïåðèìåíòàëüíûõ èññëåäîâàíèé.
Ðàñõîæäåíèå íå ïðåâûøàåò 3,5%. Òàêæå íàèëó÷-
øåå ñîâïàäåíèå ðåçóëüòàòîâ, îïðåäåëÿåìûõ ïî ìî-
äåëè ñ êîíâåêòèâíîé ñîñòàâëÿþùåé, äàþò òåîðå-
òè÷åñêàÿ çàâèñèìîñòü, ïîëó÷åííàÿ ïî àôôèííî-
ïîäîáíîé ìîäåëè, è òåîðåòè÷åñêàÿ çàâèñèìîñòü,
ïîëó÷åííàÿ J.M. Owen [30]. Ðàñõîæäåíèÿ íå ïðå-
âûøàþò 1,5 è 2,66% ñîîòâåòñòâåííî.

Ðàñõîæäåíèå òåîðåòè÷åñêèõ äàííûõ, ïîëó÷åí-
íûõ ïî òåîðåòè÷åñêîé çàâèñèìîñòè ñ èñïîëüçîâà-
íèåì ìîäåëè ñ êîíâåêòèâíîé ñîñòàâëÿþùåé, ñ
çàâèñèìîñòüþ, ïîëó÷åííîé È.Â. Øåâ÷óêîì [31],
ñîñòàâèëî 9,5%, ñ çàâèñèìîñòüþ, ïîëó÷åííîé
L.A. Dorfman [32], 16,7%.

Íà ðèñ. 5 ïðåäñòàâëåí ãðàôèê ðàñïðåäåëåíèÿ
áåçðàçìåðíîãî êîýôôèöèåíòà òåïëîîòäà÷è â âèäå
êðèòåðèÿ Íóññåëüòà äëÿ òóðáóëåíòíîãî ïîòåíöè-
àëüíîãî âðàùàòåëüíîãî òå÷åíèÿ ïî çàêîíó «ñâî-
áîäíîãî âèõðÿ» ïðè êðèòåðèè Ïðàíäòëÿ Pr = 0,7.

Òåîðåòè÷åñêàÿ çàâèñèìîñòü, îïðåäåëåííàÿ ïî ìî-
äåëè ñ êîíâåêòèâíîé ñîñòàâëÿþùåé, äàåò õîðîøåå
ñîâïàäåíèå ñ ðåçóëüòàòàìè ýêñïåðèìåíòàëüíûõ
èññëåäîâàíèé. Ðàñõîæäåíèå íå ïðåâûøàåò 5%.

Ðàñõîæäåíèå òåîðåòè÷åñêèõ äàííûõ, ïîëó÷åí-
íûõ ïî òåîðåòè÷åñêîé çàâèñèìîñòè ñ èñïîëüçîâà-
íèåì ìîäåëè ñ êîíâåêòèâíîé ñîñòàâëÿþùåé è ïî
ìîäåëè ñ àôôèííîïîäîáíûìè ïðîôèëÿìè, íå ïðå-
âûøàåò 3,5%. Òåîðåòè÷åñêèå çàâèñèìîñòè, ïîëó-
÷åííûå ïî ìîäåëÿì ðàñïðåäåëåíèÿ òåìïåðàòóðíî-
ãî è äèíàìè÷åñêîãî ïîãðàíè÷íûõ ñëîåâ ñ êîíâåê-
òèâíîé ñîñòàâëÿþùåé è ñ àôôèííîïîäîáíûìè
ïðîôèëÿìè ïðè Pr = 0,7, äàþò äîñòàòî÷íî ïîõîæèå
ðåçóëüòàòû, â ñâÿçè ñ áëèçêèì ïîäîáèåì ðàñïðå-
äåëåíèÿ òåìïåðàòóðíîãî è äèíàìè÷åñêîãî ñëîåâ è
ñõîæè ñ òàêîâûìè äëÿ ñëó÷àÿ Pr = 1.

Èç ãðàôèêà ðèñ. 5 âèäíî, ÷òî ïîëó÷åííûå òå-
îðåòè÷åñêèå çàâèñèìîñòè íàõîäÿòñÿ â îáëàñòè,
îïðåäåëÿåìîé äðóãèìè àâòîðàìè, íî ñðàâíåíèå
ðåçóëüòàòîâ íå êîððåêòíî, òàê êàê òåîðåòè÷åñêèå
çàâèñèìîñòè ïîëó÷åíû äëÿ äðóãèõ ãðàíè÷íûõ óñ-
ëîâèé ïîòåíöèàëüíîãî âðàùàòåëüíîãî òå÷åíèÿ ïî
çàêîíó «ñâîáîäíîãî âèõðÿ».

Ïîëó÷åííûå òåîðåòè÷åñêèå çàâèñèìîñòè è çà-
âèñèìîñòè, ïîëó÷åííûå äðóãèìè àâòîðàìè, íàõî-
äÿòñÿ â îäíîì äèàïàçîíå è ïðèãîäíû äëÿ èíæå-
íåðíûõ ðàñ÷åòîâ è àíàëèçà äàííûõ. Íåîáõîäèìî
îòìåòèòü, ÷òî íà áåçðàçìåðíûé êîýôôèöèåíò òåï-
ëîîòäà÷è â âèäå êðèòåðèÿ Íóññåëüòà ñóùåñòâåí-

Ðèñ. 4. Çàâèñèìîñòü áåçðàçìåðíîãî êîýôôèöèåíòà òåïëîîòäà÷è òóðáóëåíòíîãî âðàùàòåëüíîãî òå÷åíèÿ ïî çàêîíó
òâåðäîãî òåëà ïðè Pr = 0.7
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íî âëèÿþò ãðàíè÷íûå óñëîâèÿ òå÷åíèÿ è òåïëîîá-
ìåíà, òàêèå, êàê ñêîðîñòü, âÿçêîñòü, ïëîòíîñòü è
ãðàäèåíò òåìïåðàòóð ðàáî÷åãî òåëà è ïîâåðõíîñ-
òè òåïëîîáìåíà.

Âûâîäû

Ïðåäëîæåíà ìîäåëü ðàñïðåäåëåíèÿ äèíàìè-
÷åñêîãî è òåìïåðàòóðíîãî ïðîñòðàíñòâåííûõ ïî-
ãðàíè÷íûõ ñëîåâ ñ êîíâåêòèâíîé ñîñòàâëÿþùåé
(äëÿ ñëó÷àÿ Pr<1), íåîáõîäèìàÿ äëÿ àíàëèòè÷åñ-
êîãî îïðåäåëåíèÿ ëîêàëüíîãî êîýôôèöèåíòà òåï-
ëîîòäà÷è â ïîëîñòÿõ âðàùåíèÿ òóðáèí æèäêî-
ñòíûõ ðàêåòíûõ äâèãàòåëåé. Ïðè àíàëèòè÷åñêîì
ðåøåíèè óðàâíåíèÿ ýíåðãèè, â ãðàíè÷íûõ óñëî-
âèÿõ ïîëîñòåé ãàçîâûõ òóðáèí, ïîëó÷åíû âûðàæå-
íèÿ äëÿ êîýôôèöèåíòîâ òåïëîîòäà÷è â âèäå êðè-
òåðèåâ Ñòàíòîíà äëÿ õàðàêòåðíûõ ýëåìåíòîâ ãàçî-
âîãî òðàêòà, òàêèõ, êàê ïîäâîäÿùèå, îòâîäÿùèå
óñòðîéñòâà, ýëåìåíòû óïëîòíåíèé, à òàêæå äèñêà
òóðáèíû. Ïîëó÷åííûå àíàëèòè÷åñêèå âûðàæåíèÿ
äëÿ êîýôôèöèåíòîâ òåïëîîòäà÷è âåðèôèöèðîâà-
íû ðåçóëüòàòàìè ïðîâåäåííûõ ýêñïåðèìåíòàëüíûõ
èññëåäîâàíèé è ðåçóëüòàòàìè, ïîëó÷åííûìè äðó-
ãèìè àâòîðàìè.
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Abstract

Accounting for heat transfer specifics in flow-
through parts of turbo-pump assemblies of liquid
rocket engines (LRE) is a topical task. Currently,
accounting for the specifics of the flow with heat
transfer while realizing both potential and vortex rotary
flow in the flow-through parts is implemented
generally by the following methods: employing
empirical equations, numerical and analytical methods
for solving partial differential equations [1].

High temperatures of the working fluid lead to
thermal deformations of components, including the
turbine disks [18]. When designing the flow-through
parts of the LRE turbo-pump units and assemblies, it
is necessary to account for the temperature change of
the working fluid flow along the working channel, since
the viscosity parameter is a function of temperature
and determines the flow regime and, as a result, losses,
particularly disk friction and hydrodynamic losses in
the flow-through part. The LRE turbo-pump energy
parameters modelling is a topical scientific and
technical task. The issues of the workflow parameters
optimization, and the propulsion system mathematical
model were reviewed in the V.A. Grigoriev’s treatise
[19], where analysis of the models was performed, and
merits and demerits for various design stages were
disclosed.

A model for dynamic and thermal spatial boundary
layers distribution with convective component for the
combustion products turbulent flow in the LRE gas
turbines rotation cavities is proposed. For combustion
products, the Prandtl number is less then unity
(Pr < 1), and dynamic boundary layer thickness is less
than the thermal boundary layer one. It was assumed,
that the temperature change and thickness of energy
loss within the dynamic boundary layer border occurs
due to the dynamic velocity transfer, and beyond the
border - due to thermal conductivity only. This
assumption complies well with the inferences of many
authors [20, 21, 24]. Thermal resistance manifests itself
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over the entire thermal boundary layer thickness.
Thermal resistance exists within the dynamic boundary
layer borders due to the turbulent heat transfer, and
beyond the border – due to thermal conductivity [24].
The distribution model of the dynamic and thermal
spatial boundary layers with convective component is
necessary for analytical determination of the local heat
transfer coefficient in the LRE turbines rotation
cavities.

The main objects of research, where the potential
and vortex rotational flow is realized, are the flow-
through components of LRE gas turbines such as inlet
and outlet devices, as well as cavities between the
stator and the working wheel [20].

An integral relation for the thermal spatial
boundary layer energy equation, allowing integration
over the surface of any shape, which is necessary for
determining the thickness of energy loss, was obtained.
The expressions for determining the energy loss
thickness for thermal spatial boundary layer are
necessary to determine the local heat transfer
coefficients for the typical flow cases with account for
the heat exchange.

Expressions for determining the local heat transfer
coefficient in the Stanton number form for the straight
linear uniform flow, rotational flow according to the
rigid body law, and rotational flow of the free vortex
of a power profile distribution for dynamic and thermal
boundary layers parameters in case of Pr < 1 were
obtained analytically.

Local heat transfer coefficient in the Stanton number
form for straight linear uniform turbulent flow is
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where m – is the turbulization degree of spatial

boundary layer dynamic velocity profile, 3 Pr
t

x
δ
δ

= =

– is the dynamic and thermal boundary layers ratio

of the thickness, λ  – is the coefficient of thermal

conductivity, 
1

18
ë 12,5496Prα =  – the laminar sublayer

coefficient of turbulent velocity distribution profile
(obtained considering the two-layer turbulence model
with a viscous laminar sublayer), Re – the Reynolds
number.

Local heat transfer coefficient in the Stanton
number form for rotational flow according to the rigid
body law is
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where ε  – is the angle tangent of the bottom
streamlines bevel, J – is the relative characteristic
thickness.

Local heat transfer coefficient in the Stanton
number form for rotational flow of a free vortex is
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Analytical expressions for heat transfer coefficients
agree well with the experimental data and
dependencies of other authors [7—10].

The obtained analytical expressions well agree with
the data of other authors and are necessary for
engineering calculations while designing the LRE
flow-through parts of turbo-pumps.

Keywords: temperature boundary layer, heat
transfer coefficient, integral relation of energy
equation, flow-through part of turbo-pump assembly.
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