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Abstract

Currently, methods for modeling the aircraft motion in the atmosphere are being actively developed. Tasks related 

to the full calculation of loads along the trajectory remain relevant, and methods for the trajectory optimizing and/

or aircraft design, which require computing both power and thermal loads on the aircraft structure as a routine 

mass operation, are being actively elaborated. Solving the Navier-Stokes equations does not allow fulÞ lling these 
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tasks in the format of a routine mass operation due to their high resource intensity. Thus, engineering methods 

that enable the heat ß uxes estimation with relatively high computational speed are currently relevant. The eff ective 

length method is one of these methods.

The purpose of this work consists in modifying the eff ective length method to obtain smooth laminar heat ß uxes 

in the stagnation area.

The main idea of the work is a combination of the two approaches: integration along the streamline in the stagnation 

area and application of engineering formulas outside the stagnation area. The Þ eld integration in the stagnation area 

is performed along the streamline built on a paraboloid, one of which properties consists in the presence of two 

symmetrical planes. Integration along the streamline follows the Buhl�s rule, which is of a high order of accuracy, 

which allows ensuring low computational error in the stagnation area, i.e. the area where the eff ective length tends 

to zero. Besides, the paraboloid parameters are used to compute the surface curvature in the stagnation area, 

enabling the velocity gradient computing, which is used further to determine the laminar heat ß ux. The article 

reß ects mathematical formulation for laminar-turbulent transition modeling based on the local Reynolds number 

plotted along the momentum loss thickness of the laminar boundary layer.

The article demonstrates the results of the heat ß ux simulation on a sphere with a radius of R = 1m, a Mach number 

of 6, and pressure and temperature of 300 Pa and 250 K, respectively. A comparison with experimental data for 

laminar-turbulent transition on a sphere with a radius of R = 6.35cm, a Mach number of 5, and pressure and 

temperature of 4424 Pa and 73.6 K, respectively, is provided as well. These comparisons revealed close agreement for 

laminar heat ß uxes and an overestimation of turbulent ß uxes. The heat ß uxes uprating is typical for the engineering 

eff ective length method and its application will not lead to errors in practical computations.

The article presents the results of the heat ß ux simulations on a complex-shaped body, namely the Juno meteoroid. 

Its surface contains concaves, cavities, and lacks a symmetric shape. The gas-dynamic computing was performed 

at an altitude of 70 km and a velocity of Mach 6. The simulation demonstrated the algorithm stability and ability 

to perform computations on bodies of various shapes.

The authors demonstrate the relative speed of the heat ß uxes obtaining. The modiÞ ed version of the program 

operates longer while separate processing of the stagnation area, but this time remains incomparably small relative 

to the external ß ow-around problem solving.
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f x dx f x f x f x

h h
f x f x O h

b a
x a ih h

N

 

   

ö ö
÷ ÷ý   
÷ ÷
ø ø

ö ö ö ö
÷ ÷ ÷ ÷  
÷ ÷ ÷ ÷
ø ø ø ø


ý  ý

õ

õ õ



 

(14)

789 N � >B?<K9EF6B FBK9> D4;5<9A<S <AF9D64?4 (a,b); 

h � L47 <AF97D<DB64A<S.
�4AAO= @9FB8 5O? 6O5D4A E J9?PR @<A<@<;4-

J<< BL<5>< <AF97D<DB64A<S, F4> >4> 6 B5?4EF< 

D4EF9>4A<S D9L9A<9 KG6EF6<F9?PAB > ;A4K9A<R zl  

<;-;4 FB7B, KFB A4IB8<FES 6 ;A4@9A4F9?9 < 6 B>D9EF-
ABEF< FBK>< D4EF9>4A<S EFD9@<FES > AG?R (2), (3).

�?S CB6OL9A<S FBKABEF< <AF97D<DB64A<S CB-
?9= 68B?P ?<A<< FB>4 <AF97D<DGRFES ED98A96;69-
L9AAO9 CB D4EEFBSA<R CB?S, 4 A9 ;A4K9A<9 CB?S 
6 5?<:4=L9= SK9=>9. $4EEFBSA<9 59D9FES BF FBK>< 

<AF97D<DB64A<S 8B K 5?<:4=L<I SK99>.

(11)
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%?98GRM<@ QF4CB@ S6?S9FES 6OK<E?9A<9 >BQH-

H<J<9AFB6 ?4@<A4DAB7B < FGD5G?9AFAB7B F9C?BB5-
@9A4 6 B5?4EF< D4EF9>4A<S < 6A9 A99. �A9 B5?4EF< 

D4EF9>4A<S CD<@9ASRFES HBD@G?O (2) < (3).

� B5?4EF< D4EF9>4A<S <ECB?P;GRFES HBD@G?O, 

GK<FO64RM<9 BEB59AABEF< 99 79B@9FD<< K9D9; C4-
D4@9FDO C4D45B?B<84, 8?S FGD5G?9AFAOI F9C?B6OI 
CBFB>B6 <ECB?P;G9FES F4 :9 HBD@G?4, KFB < 6A9 B5-
?4EF< D4EF9>4A<S. �?S 6OK<E?9A<S >BQHH<J<9AF4 
?4@<A4DAB7B F9C?BB5@9A4 CD98?4749FES CBEFGC<FP 
<A4K9.
� B>D9EFABEF< FBK>< D4EF9>4A<S E>BDBEFP I4-

D4>F9D<;G9FES ?<A9=AB= ;46<E<@BEFPR U = ´x, 789
[´] = 1/c. �BQHH<J<9AF ́  @B:AB CD98EF46<FP 6 6<89 
CDB<;6B8AB= E>BDBEF< CB >BBD8<A4F9:

                                   
0

.
x

dU

dx ý

ö öò ý ÷ ÷
ø ø

 (15)

� D45BF9 [10] CB>4;4AB, KFB HBD@G?4 >BQHH<-

J<9AF4 ?4@<A4DAB7B F9C?BB5@9A4 @B:9F 5OFP ;4-
C<E4A4 E?98GRM<@ B5D4;B@:

                  

0,15

2

3
0 0

0, 737 1

1 0,16 1 Pr .

w

p

w

T

c T

T

T





ö öñ ö öý  ô÷ ÷ ÷ ÷÷ ÷ ø øø ø

ö öô    ò ò÷ ÷
ø ø

 (16)

�?S EH9D<K9E><I < J<?<A8D<K9E><I ;4FGC?9A<= 

>BQHH<J<9AF ́  @B:9F 5OFP CD98EF46?9A 6 6<89 CD<-

5?<:9AAB= HBD@G?O [16]:

                        021
1 ,

sph

RT p

R M p

ö ö
ò ý ÷ ÷

ø ø
 (17)

789 Rsph � D48<GE BE9E<@@9FD<KAB7B F9?4.
(BD@G?4 BF?<KAB E95S ;4D9>B@9A8B64?4 6 D4EK9-

F4I F9C?B6OI CBFB>B6 A4 EH9D9, KFB 5G89F CB>4;4AB 
84?PL9, B8A4>B BA4 A9 CB8IB8<F 8?S 8DG7<I F9?, CB-
QFB@G CD98?4749FES 669EF< ?B>4?PAGR >D<6<;AG F9?4 
6 B5?4EF< D4EF9>4A<S K, >BFBD4S 5G89F 6OK<E?9A4 
A4 BEAB69 GD46A9A<S C4D45B?B<84.
#GEFP EGM9EF6G9F CB69DIABEFP x = f(y,z), FB784 

99 >D<6<;A4 @B:9F 5OFP 6OK<E?9A4 CB HBD@G?9 
[17]:

                             ø ù22 2
,

1

yy zz yz

y z

f f f
K

f f


ý

 
 (18)

 CD<K9@ 8?S C4D45B?B<84, ;484AAB7B GD46A9A<9@ 

(9), E GK9FB@ A4CD46?9A<S E>BDBEF< 68B?P BE< Ox, 

CB?GK49@ >D<6<;AG, ;46<ESMGR BF >BBD8<A4F y,z:

                 ø ù2 2
2 2 2 2

4 1
.

1 4 4 sph

ab
K

Rb y a z

ý ý
   (19)

&B784 HBD@G?4 >BQHH<J<9AF4 CDBCBDJ<BA4?P-
ABEF< CD<A<@49F B>BAK4F9?PAO= 6<8:

      2 2 2 2

2 2
1 ,

1 4 4

pab RT

M pb y a z

ö ö
ò ý ý ÷ ÷  ø ø

 (20)

789 F9C9DP F9@C9D4FGDO < 846?9A<9 59DGFES A9 6 
FBK>9 D4EF9>4A<S, 4 ;46<ESF BF >BBD8<A4FO. ">BA-

K4F9?PAO= 6<8 HBD@G?O 8?S BCD989?9A<S >BQH-

H<J<9AF4 ?4@<A4DAB7B F9C?BB5@9A4 6 B5?4EF< 

D4EF9>4A<S ;4C<EO649FES 6 6<89 [10]

                   

0,15

2

3

0, 737 1

1 0,16 1 Pr .

w

p l

w

T

c T

T

T





ö öñ ö öý  ô÷ ÷ ÷ ÷÷ ÷ ø øø ø

ö öô    òò÷ ÷
ø ø

 (21)

�BQHH<J<9AF FGD5G?9AFAB7B F9C?BB5@9A4 6OK<E-
?S9FES CB HBD@G?9 (3). !9E@BFDS A4 FB KFB ;A4K9A<9 
zl 6 B>D9EFABEF< FBK>< D4EF9>4A<S F4>:9 EFD9@<FES > 

AG?R, ;A4K9A<9 (³/cp)t CB?4749FES D46AO@ AG?R.

�>89;8@>64=89 B9?;>6OE ?>B>:>6 6=9 >5;4AB8 @4A-

B9:4=8O
!4 ;469DL4RM9@ QF4C9 D4EEK<FO64RFES F9C?B-

6O9 CBFB>< 6A9 B5?4EF< D4EF9>4A<S. �?S QFB7B 
EF46<FES >D4964S ;484K4 A4 zi. �<E>D9F<;<DGRFES 
GD46A9A<S (5), < CDB<;6B8<FES K<E?9AAB9 D9L9-
A<9, CD< QFB@ ;A4K9A<S zi 6 B5?4EF< D4EF9>4A<S 
H<>E<DGRFES.
!4 BEAB69 CB?GK9AAOI ;A4K9A<= zi D4EEK<FO64RF-

ES >BQHH<J<9AFO F9C?BB5@9A4 CB HBD@G?4@ (2), (3).

Р4AG9B ?>;=>7> B9?;>6>7> ?>B>:4
#BE?9 6OK<E?9A<S ?4@<A4DAB7B < FGD5G?9AF-

AB7B F9C?B6OI CBFB>B6 D4EEK<FO649FES CB?AO= 

F9C?B6B= CBFB>. �OK<E?9A<9 CDB<;6B8<FES K9D9; 
>BQHH<J<9AF C9D9@9:49@BEF< Γ [18]:

                       ø ù , ,1 .w w lam w turq q qý      (22)

�BQHH<J<9AF C9D9@9:49@BEF< CD<A<@49F 
;A4K9A<S BF 0 (?4@<A4DAO= F9C?B6B= CBFB>) 8B 1 

(FGD5G?9AFAO= F9C?B6B= CBFB>), BA 6OK<E?S9FES 
A4 BEAB69 ?B>4?PAB7B K<E?4 $9=AB?P8E4 Reθ, D4E-
EK<F4AAB7B CB FB?M<A9 CBF9D< <@CG?PE4 θ ?4@<-

A4DAB7B CB7D4A<KAB7B E?BS. � CD98EF46?9AAB= 

D45BF9 6OK<E?9A<9 CDB<;6B8<FES CB HBD@G?9 [11]:

ø ù

1

1

1

0.2 1,45 2

2

Re 33Re 2,6 0,2M ;

Re ; M ; 0,7 exp 0,05M ;

w

w

h

h

u
h



ñ  


ò 
  



ö ö
ý  ÷ ÷

ø ø
ò

ý  ý ò ý 


(23)
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789 M¶ � K<E?B  4I4 A4 6A9LA9= 7D4A<J9 CB7D4-
A<KAB7B E?BS; wh  � F9@C9D4FGDAO= H4>FBD, D46-
AO= BFABL9A<R QAF4?PC<< A4 EF9A>9 > QAF4?PC<< 

FBD@B:9A<S. (GA>J<BA4? CDB7D4@@O CB;6B?S9F 
;48464FP 8<4C4;BA ?4@<A4DAB-FGD5G?9AFAB7B C9D9-
IB84, FB 9EFP ;484RFES minReñ , maxReñ  � @<A<@4?PAB9 
< @4>E<@4?PAB9 K<E?B $9=AB?P8E4 8?S A4K4?4 < 

;469DL9A<S C9D9IB84.
!4 BEAB69 6OK<E?9AAOI K<E9? $9=AB?P8E4 

@B:AB 6OK<E?<FP >BQHH<J<9AF C9D9@9:49@BEF< 

E?98GRM<@ B5D4;B@ [11]:

     ø ù

min

min
min max

max min

max

0, Re Re ;

Re Re
, Re Re ,Re ;

Re Re

1, Re Re .

ñ ñ

ñ ñ
ñ ñ ñ

ñ ñ

ñ ñ

ü 
ÿ

ÿ
 ý ý

ÿ
ÿ óþ

 (24)

Ч8A;9==O9 @4AG9BO
�?7BD<F@ CB?GK9A<S F9C?B6OI CBFB>B6 EBEFB<F 

<; E?98GRM<I QF4CB6:
1. �O89?9A<9 B5?4EF< D4EF9>4A<S E <ECB?P;B64-

A<9@ >D<F9D<S (7)�(9).

2.�OK<E?9A<9 ;A4K9A<= zi < >BQHH<J<9AFB6 
?4@<A4DAB7B < FGD5G?9AFAB7B F9C?BB5@9A4 6 B5-
?4EF< D4EF9>4A<S E <ECB?P;B64A<9@ HBD@G? (21) < 

(3) EBBF69FEF69AAB.
3. �CCDB>E<@4J<S 8<HH9D9AJ<4?PAOI BC9D4FB-

DB6 6 GD46A9A<SI (5) < K<E?9AAB9 D9L9A<9 >D496B= 

;484K< E H<>E<DB64AAO@< ;A4K9A<S@< zi 6 B5?4EF< 

D4EF9>4A<S. �CCDB>E<@4J<S CDB<;6B8<?4EP EI9@4-
@< 6FBDB7B CBDS8>4 CB CDBEFD4AEF6G.

4. $4EK9F >BQHH<J<9AFB6 F9C?BB5@9A4 6A9 B5-
?4EF< D4EF9>4A<S CB HBD@G?4@ (2) < (3).

5. $4EK9F K<E?4 $9=AB?P8E4 Reθ, >BQHH<J<9AF4 
C9D9@9:49@BEF< < CB?AB7B F9C?B6B7B CBFB>4 E <E-
CB?P;B64A<9@ HBD@G? (23), (24), (1) < (22).

�?S 64?<84J<< @9FB84 CDB6989AB ED46A9A<9 
CB?GK9AAOI F9C?B6OI CBFB>B6 CB MEFFL E D4E-
K9F4@< <; [10].

!4K4?PAO9 84AAO9: 846?9A<9 p = 300 #4, 
F9@C9D4FGD4 T = 250 �, @B?SDA4S @4EE4 74;4
μ = 0,0289 >7/@B?P, E>BDBEFP U = 6M = 1900 @/E. 
&9@C9D4FGD4 EF9A>< 5O?4 CD<ASF4 CBEFBSAAB= < 

D46AB= Tw = 300 �. $48<GE EH9DO R=1 @. �B?<K9EF6B 

SK99> 6 CB69DIABEFAB= E9F>9 D46AB 3 ⋅ 104.

'D46A9A<9 CBEFDB9AAB7B A4 B5?4EF< D4EF9>4A<S 
C4D45B?B<84 (10) <@99F 6<8 0,5z2 + 0,5y2 � 0,2 = x. 

$4ECD989?9A<9 CB?GK9AAB7B ?4@<A4DAB7B F9C?B6B-
7B CBFB>4 < 97B ED46A9A<9 E 84AAO@< <; [10] CD98-
EF46?9AB A4 D<E. 3, 789 G7B? A4 EH9D9 BFEK<FO649FES 
BF FBK>< D4EF9>4A<S 68B?P >BBD8<A4FO y.

!4 D<E. 3 6<8AB, KFB ?4@<A4DAO= F9C?B6B= CBFB> 

EB6C4849F E 84AAO@< <; D45BFO [10], KFB 7B6BD<F B 
>BDD9>FABEF< D45BFO 4?7BD<F@4.

!4 D<E. 4 CD98EF46?9AB ED46A9A<9 ?4@<A4DAOI 
F9C?B6OI CBFB>B6 E CD98O8GM9= 69DE<9= CDB-

7D4@@O 8?S A47?S8AB= 89@BAEFD4J<< G?GKL9A<S 
D45BFO 4?7BD<F@4 65?<;< B5?4EF< D4EF9>4A<S, 789 
C4D4@9FD k � I4D4>F9DAO= D4;@9D SK9=><, 89?9AAO= 

A4 D48<GE EH9DO.

�<8AB, KFB D4A99 A45?R84?BEP G@9APL9A<9 ?4-
@<A4DAB7B F9C?B6B7B CBFB>4 ;4 B5?4EFPR D4EF9>4-
A<S, KFB S6?S9FES A9>BDD9>FAO@ D9;G?PF4FB@. )BFS 
< CB6OL9A<9 CBDS8>4 4CCDB>E<@4J<<, < E7GM9A<9 
E9F>< CB@B74?B K4EF<KAB ECD46<FPES E CDB5?9@B=, 

QFB7B 5O?B A98BEF4FBKAB 8?S CB?GK9A<S 7?48>B= 

>4DF<AO F9C?B6B7B CBFB>4. % <ECB?P;B64A<9@ 

CB8IB84, <;?B:9AAB7B 6 84AAB= D45BF9, G84?BEP 
CB?GK<FP 7?48>GR >4DF<AG.

$<E. 3. %D46A9A<9 ?4@<A4DAB7B F9C?B6B7B CBFB>4,
              CB?GK9AAB7B E CB@BMPR @B8<H<J<DB64AAB7B
              @9FB84 QHH9>F<6AB= 8?<AO (MEFFL),

              E 84AAO@< <; D45BFO [10]

$<E. 4. %D46A9A<9 ?4@<A4DAOI F9C?B6OI CBFB>B6, 
              CB?GK9AAOI 6 D45BF4I [9, 10] < E CB@BMPR
              @B8<H<J<DB64AAB7B @9FB84 QHH9>F<6AB= 

              8?<AO
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�O?B F4>:9 CDB6989AB <EE?98B64A<9 EIB8<@BEF< 

D9L9A<S CB E9F>9. �O5D4AO E9F>< E BFABE<F9?PAO@ 

D4;@9DB@ SK9=>< k  {0,17; 0,09; 0,05; 0,025}. $9;G?P-
F4FO D4EK9FB6 CD98EF46?9AO A4 D<E. 5.

 B:AB 6<89FP, KFB CD< E7GM9A<< E9F>< D9L9A<9 
CD<5?<:49FES > D9L9A<R <; [10], KFB 7B6BD<F B A4-
?<K<< EIB8<@BEF<. �DB@9 FB7B, @B:AB E>4;4FP, KFB 
4?7BD<F@ CB>4;O649F BF?<KAGR D45BFG A4 7DG5OI 
E9F>4I E 6OEB>B= FBKABEFPR. #D< ;A4K9A<< k = 0,025 

68B?P B5D4;GRM9= EH9DO A4IB8<FES 91 FBK>4, 4 CD< 

k = 0,09 A4IB8<FES 27 FBK9>. !9E@BFDS A4 QFB, D9L9-
A<9 6E9 9M9 BEF49FES 7?48><@ < G8B6?9F6BD<F9?PAB 

EB6C4849F E 84AAO@< <; D45BFO [10].

�?S 64?<84J<< @9FB8<>< D4EK9F4 C9D9IB84 F9-
C?B6OI CBFB>B6 5O? 6O5D4A Q>EC9D<@9AF <; [19], 

6 >BFBDB@ CDBS6?S9FES ?4@<A4DAB-FGD5G?9AFAO= 

C9D9IB8 A4 EH9D9 D48<GEB@ R = 6,35 E@.

!4K4?PAO9 84AAO9: 846?9A<9 p = 4424 #4, 
F9@C9D4FGD4 T = 73,6 �, @B?SDA4S @4EE4 74;4
μ = 0,029 >7/@B?P, E>BDBEFP U = 5  = 859,2 @/E. 
&9@C9D4FGD4 EF9A>< Tw = 100,9 �.

#B?GK9AAB9 D4ECD989?9A<9 CB?AB7B >BQHH<J<-

9AF4 F9C?BB5@9A4 CD98EF46?9AB A4 D<E. 6.

!4 D<E. 6 IBDBLB 6<89A ?4@<A4DAB-FGD5G?9AF-
AO= C9D9IB8, CB6OL9A<9 CB?AB7B >BQHH<J<9AF4 
F9C?BB5@9A4 <;-;4 CD9B5?484A<S FGD5G?9AFAB= 

EBEF46?SRM9=.

%D46A9A<9 CB?AB7B >BQHH<J<9AF4 F9C?BB5@9A4 
E 84AAO@< [19] CD98EF46?9AB A4 D<E. 7.

!4 D<E. 7 A4A9E9AB A9E>B?P>B >D<6OI 8?S BFB-
5D4:9A<S D4;?<KAOI 8<4C4;BAB6 >D<F<K9E><I 
K<E9? $9=AB?P8E4 8?S ?4@<A4DAB-FGD5G?9AFAB7B 
C9D9IB84.
�DB@9 FB7B, 5O?< D4EEK<F4AO F9C?B6O9 CB-

FB>< A4 CB69DIABEF< @9F9BDAB7B F9?4 .ABA4 
6 @4ELF459 1 : 117000. $4EK9F CDB<;6B8<?ES A4 

$<E. 5. �EE?98B64A<9 EIB8<@BEF< F9C?B6OI CBFB>B6 
              CD< E7GM9A<< E9F><, ED46A9A<9 E 84AAO@<
              <; D45BFO [10]

$<E. 6. $4ECD989?9A<9 CB?AB7B >BQHH<J<9AF4
              F9C?BB5@9A4 CB EH9D9

6OEBF9 h = 70 >@ E C4D4@9FD4@<: p = 5,22 #4,
T = 250,35 �, U = 6M = 1935 @/E, @B?SDA4S 
@4EE4 μ = 0,028 >7/@B?P. !4 BEAB69 CB?GK9AAOI 
CB?9= 846?9A<S, F9@C9D4FGDO < E>BDBEF< 5O?4 
CBEFDB9A4 B5?4EFP D4EF9>4A<S E C4D4@9FDB@
³ = 0,2. #B?GK9AAB9 GD46A9A<9 C4D45B?B<84 (10):

0,406(z � 0,013)2 + 0,501(y � 0,02)2 � 0,649 = x.

$4ECD989?9A<9 BFABE<F9?PAOI ?4@<A4DAB7B 
< FGD5G?9AFAB7B F9C?B6OI CBFB>B6 CD98EF46?9AB 
A4 D<E. 8, D4ECD989?9A<9 BFABE<F9?PAB7B CB?AB7B 
F9C?B6B7B CBFB>4 � A4 D<E. 9.

!4 D<E. 9 BFABE<F9?PAO= >BQHH<J<9AF F9C?B-

B5@9A4 D4ECD989?9A A9D46AB@9DAB, KFB B5NSEAS-
9FES A9DB6ABEFPR CB69DIABEF< @9F9BDAB7B F9?4, 
>BQHH<J<9AF F9C?BB5@9A4 B5?4849F 7?48>BEFPR. 

$<E. 7. $4ECD989?9A<9 CB?AB7B >BQHH<J<9AF4
             F9C?BB5@9A4 68B?P ?<A<< FB>4 8?S D4;AOI
             >D<F<K9E><I K<E9? $9=AB?P8E4 Reθ < ED46A9A<9
             E 84AAO@< <; [19]
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� 84AAB@ E?GK49 >D<F<K9E>B9 K<E?B $9=AB?P8E4 
CB8B5D4AB F4><@ B5D4;B@, KFB5O 89@BAEFD<DB64FP 
?4@<A4DAB-FGD5G?9AFAO= C9D9IB8. �<8AB, KFB BA 

CDB<EIB8<F A9E<@@9FD<KAB. !4 D<E. 10 CD98EF46?9-
AB D4ECD989?9A<9 BFABE<F9?PAOI >BQHH<J<9AFB6 
F9C?BB5@9A4 68B?P 7BD<;BAF4?PAB= ?<A<<.

!4 D<E. 10 6<8AB, KFB CB?AO= BFABE<F9?PAO= 
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