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[Tpennoxena MaTeMaTH4YeCKasi MOJIENb TIpoOIlecca TEILUIONEpeHoca B ABYX(a3HOM ITOPHUCTOM
MaTepualie C MOTJOUIAIOIIMMH TMPOHUKAIOUIee W3TyYeHHE BKIIOYEHHSMH B BHJIE IIAPOBOTO
cnost. C ucnonb3oBaHue pa3pabOTaHHOTO UHTEIPAIbHOTO MPeoO0pa30BaHuUsl MO NMPOCTPAHCTBEH-
HOMY TIEpEMEHHOMY B aHAIMTUYECKU 3aMKHYTOM BHJIE€ HaWICHO pEIIeHHE CMENIaHHOH 3amadu
JUISL CHCTEMBI YPaBHEHHUI B YaCTHBIX MPOU3BOJIHBIX BTOPOTO MOPsAKA MapabOIHUECKOro THIIA,
MPEACTaBICHHOM paccMaTpUBaeMOil MaTeMaTHIEeCKOM MOAETBIO.

Kaiouessble cioBa: nByxdazHeiii MaTepua, Ja3epHOe M3IIydeHUE, TTOTIOMAIONINE BKITFOUe-
HUSI B BUJIE IAPOBOTO CIIOSI, TEMIIEpATypHOE TI0JIe, HHTETpalIbHOE TIpeodpa3oBaHHUe.

BeepeHue

B npo6neme na3zepHOro MHULIMUPOBAHUS B3PbIB-
HOTO PpAa3JIOKEHUSI HHEPreTHUECKUX MaTepuasoB
BOXHOE MECTO 3aHUMAeT «MHUKpPOOYaroBas MoO-
JIeNby Tpollecca TerionepeHoca B JByX(ha3HOM
MaTepuase C MOIJOMAIUIMMH IIPOHUKAIOIIEE U3-
mydeHue cepudeckumu BKIroueHusMu [1-3]. Us-
BECTHBI TPYAHOCTH, BO3HUKAIOIIUE NPU HAXOXKE-
HUU QHAJIUTUYECKOTO PEIICHUs COOTBETCTBYIOIEH
3a/la4il HEeCTAIlMOHAPHOM TEIUIONPOBOJIHOCTH JaKe
B MpOCTEHILIEH CUTyallMH HAJWYUs B IPO3PavYHOM
JUISL U3JIY4YEeHHsT MaTepualle OJHOIO IMOTJIOoLaronie-
ro BKIIOYCHHS chepudeckoir popmel [4]. Bozmoxk-
HBIM IyThb MX INPEOJOJIEHUS CBSI3aH C NMPHUHATHEM
pa3HOro poja JAONMYUICHUH, TPUBOASIINX K 3aMEHe
HUCXOJHON MaTEeMaTUYECKONW MOJENIH €€ YIPOILEH-
HbIMH aHanoramu [4]. JlanbHeiliee pa3BUTHE 3TH

* Marepuanbl CTaThll OCHOBAHBI Ha JOKJIAJE, C/ICTAHHOM Ha
XXII IlIxone-cemuHape MOJOABIX YUYEHBIX U CIIELUAINCTOB 0]
pykoBoactBoM akagemuka A.M. JleonteeBa «IIpobGnemsr razomam-
HaMHUKH M TEIJIOMAacCOOOMEHa B HSHEPreTHYECKUX YCTaHOBKAaX»,
2024 mas 2021 r., r. HoBocuOupck.

HCCNeOBaHUsl MONMy4Yrsid B [5], Tie B KadecTBe
00BEKTa HCCIICIOBAHUIA PACCMOTPEH HW30TPOITHBIIN
Marepuanl ¢ TEPMUYECKH TOHKHUM TMOTIIOMIAOIINM
BKJIFOUEHUEM B BUJI€ IAPOBOIO CIIOSI.

Lenp mpoBeaeHHBIX UCCIIEOBAHUN — pa3padboT-
Ka MaTeMaTHYeCKOHM MOJENM U aHAJIUTHYECKOTrO
METOJ]a MCCIIEIOBAaHUSI MPOIIECCOB TEIIoNepeHoca
B IByX()a3HOM MOPHCTOM MaTepuase ¢ MOTIONIA0-
UMW TPOHUKAIONIEEe M3ITyYeHHE BKIIOUYCHUSIMH B
BU/IE ILIAPOBOTO CJIOS.

UcxopHaa maTemaTu4yeckas mogesnb
M ee npeobpasoBaHue

B xagectBe 00BEKTa UCCIIEIOBAHUN paccMaTpH-
BaeTcs M30TPONHbIM Martepuan (Pasza «s»), co-
nepskaluii BkaroueHus (dasa « /4 ») paguyca R, B
BUJI¢ LIAPOBOrO ClosA IMUpHUHOW A =R, —1 (pery-
nspHas sdyencras cxema). lllaposas mosnoctes enu-
HUYHOTO pajyca 3arojiHeHa ra3oM ((aza « g ») ¢
MOCTOSHHOW TEMIIEpAaTypHOU, paBHOM HadalbHOU
Temreparype o0Obekra ucciepoBanuid. Ha wu3o-
TPOMHBIA MaTepuan BO3JAEHCTBYET MOTOK H3JIyye-
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HHUA C TINIOTHOCTBKO MOIIIHOCTHU f , AJIs KOTOpOFO
OH a0COIOTHO MPO3paveH, HO MOYKET TOTJIOMATHCS
[IAPOBBIM CJIOEM.

B mpenmonoxkeHnu, 4TO TEIIOBOW KOHTAaKT B
aHAJM3UPYEMON CUCTEME SIBIISIETCSl MICATBLHBIM, U
C YYETOM paHee IMOJIyYeHHBIX pe3yJbTaToB [5] ma-
TEMaTHYECKYI0 MOJCNb Iporecca (HOpMUPOBAHMS
TEMITIEpAaTypHOTO TIOJII OOBEKTAa HCCIEAOBAHUI
MOYHO MPEJICTABUTH B CIIEAYIOIIEM BHJIC:
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e(psF0)|F02()€ L2p2 [LRz]; f(P,FO )|F020€ r [13R1];
6(p,Fo)|1SpSR2 el? [O,+oo);
f(p.Fo )|lSpSR1 el? [O,+oo).

B maremarnueckoit mogenu (1) MCmoiab30BaHbI
cremytomue Oe3pa3MepHbIe TepeMeHHbIE U Mapa-
METPBI:

T-T
F°=aszt; =L g=2—0,
”'0 ro T:k_TO
A A
=25 A k,
as 7\‘h
.oar qr,
Bi=—2; f=
}“s f Xv(ﬂ_TO)

[anee monaraem
V(p,Fo) £ p0(p,Fo); ¢(p,Fo)=xApf(p.Fo) (2)

u, cornacHo (1), (2), mpuxoauM K MaTeMaTHICCKOMN
Mozien Juts onpenenenns dynxuun V (p,Fo):
oV (p,Fo oV p,Fo
(p.Fo) =1 ( > )+<p(p,Fo),
oFo op
I<p< R, Fo>0;

8V(p,Fo) B 62V(p,Fo)

, R <p<R,, Fo>0;

oFo apz
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[p@—(ABHI)V(p,FO)} =0;
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V(p’FO)L):Rl—O - V(p’FO)|p:R1+0;

pM _ V(p Fo)
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:/{p%fo)—ﬂp,%)}

108

op
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p:Rl +0

p=R,

V(p,Fo)|F020 el? [I,Rz]; (p(p,Fo)|F020 e’ [l,Rl];

V(p,FO)LSPSR2 el? [O,+oo);

(p(p,Fo)LSpSR1 e I*[0,+m).

Marematuueckast MoJienb (3) MpeACcTaBIseET CoO-
00l CMENIaHHYIO 3a/1a49y JUIsl CHCTEMbI YpaBHEHUI
B YaCTHBIX MPOM3BOJHBIX BTOPOTO MOpsjaKa napa-
Oonmueckoro tumna. s pemieHus JaHHOW 3ajauu
oOpaTuMcs K KOHEYHOMY HMHTErpajbHOMY Mpeod-
pa30BaHUIO IS JBYCJIOWHOHN 00JacTH, TpUMEHSse-
MOMY TI0 TPOCTPAHCTBEHHOMY IE€PEMEHHOMY

pe[l,R2].

WHTerpanbHoe npeo6pa3oBaHne
No NPOCTPaHCTBEHHOMY NepPeMeHHOMY p

CornacHo o0rmieil Teopur WHTErpalbHBIX TIpe-
oOpa3oBaHwmii [6], B paccMaTpuBaeMOM cllydae Be-
coBas (yHKIHS y(p) HMCKOMOTO HHTErDAILHOIO
npeoOpa3oBaHMs

-1
Y(P)Z{X ,1<p<R1}, )

L R <p<R,
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a ero supo K (m,,p) M CHEKTp COOCTBEHHBIX 3Ha-

uenmit {n,|  ONPENENTIOTCS U3 PEIICHHS Kpae-

BOM 3aJ1a4H:
d’K(n,.p) 12
— 2y K (n,,p)=0,1 Ry (5
dp2 + X (nn p) <p< 1 ( )
d’K(m,,
%m%(nn,p):o, Ri<p<Ry (6)
P
dK (., .
F%—(ABHI)K(HH,M} =0, (7)
p=l1
K(nn ’p)‘p:RI*O = K(nn’p)‘p:RlJrO; (8)
{de(ﬂn,P)_K(n p)} _
* Y ()
=A[p—dK(n”’p)—K(nn,p)} ;
dp p:R1+0
{pM_K(nmp)} ~0.  (10)
dp p=R,

OO6mue pemenus ypasHeHuit (5), (6) moryr
OBITH HalJIEHbI CTAHIAPTHBIMA METOAAMMU:

VX (11)
+C‘2(nn)Sin|::}n2(R] _p):|9

K (o) o, =5 (M )eos[n, (p=R) ]+

1<p<Ry

+cy(n,)sin[m, (p-R)],

u, coriacHo npexacrasierusm (11), (12) aapa un-
TErpajbHOrO IMPeoOpa30BaHMsl, YCIOBHUAM COINpS-
xenus (8), (9) 1 OAHOPOJHBIM KPAeBbIM YCIOBHUSM
(7), (10), mOJ>KHBI BHITIOTHITHCSI PABEHCTBA!

() =gM,)a (M) es(n,)=c(n,); (13)
Cy (nn) = “(nn)cl (nn)’

(12)

rIe

A
>
=
+
—_

~—
(]
=]
©n

1
g‘:
=S

—_

=
|
[

N—"

| |
;V_J
X

u(n,)=

={n, R, sin[n, (R, —R,)]+cosn, (R, —R) ]} x (14)

x {n”R2 cos[n, (R, —R)]+sin[n, (R, - R, )J}_l .

[Iponerypa omnpeneneHus sapa UCKOMOTO MHTeE-
TPaNIbHOTO MpeoOpa30BaHus 3aBEpPIIAETCS, COTac-
HO (11)—(14), unentudukanueit cnekrpa ero coo-
CTBCHHBIX 3HAYCHUUN {nn }n>l U HaXOXJICHHEM KO-
sduumentos ¢ (n,).

Hns wpeHTH(UKAIMKA CIEKTpa COOCTBEHHBIX
3HAYEHUH JJOCTAaTOYHO BOCIIOJIB30BATHCSA TIPEJ-
crapnenussimu (11), (12) smpa K(nn,p) WHTE-
TPAJILHOTO TPEOOpa3OBaHMs, YCIOBHSIMHU COMpS-
xenus (8), (9) u pasenctBamu (13). B pesynbrare
MPUXOAUM K YPaBHEHUIO:

A-1=R {n—\/ig(nn)ﬂ\u(nn)}' (15)

a (nn) SABIAETCS KOA((OUIMEHTOM MPOIOPLHO-
HQJIBHOCTU Ui sIpa MCKOMOI'O MHTErpajbHOTO
npeoOpa3oBaHusi, YTO HEMOCPEICTBEHHO CIEIyeT
n3 mnpeacTaBieHHbIX paBeHcTBamu (11)—(13) pe-
3ynbraToB. Ilpu 3TOM, cormacHo ofmel Teopuu
WHTETpAJIbHBIX ~ TpeoOpazoBanuii  [6],  s1apo
K (nn,p) JIOJDKHO Y/IOBJIETBOPSITH YCJIOBHUSIM HOP-
MHPOBKH C BecoBoil (yHkimeii y(p), onpenernen-
HOU paBeHcTBOM (4). B pesynbTare, ¢ yuerom pa-
BeHCTB (11)—(13), npuxoauM K 1enoyke paBEeHCTB:
Ry

1=K(n,.p) = [ 7(p)K(n,.p)dp =

+ f (cos[m, (p—R)]+n(n,)sin[n, (p— R, )])2 dp},

R
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BOCTIOJI30BABIINCh KOTOPOM W OMpeAessieM HOp-
MHPYIOIIUI MHOKUTETh

() ={ 11 2 )]s

+L\&[l—g2 (nn)]sm %(Rl_l) +

g(nn) . 2 2&(1{1_1) Rl

nn&mn \/% [l+u ( n)]+(16)

1
+ R [l (nn ] sin [211” -R )]
-1/2
+ 7 n(n,) sin® [nn -R )]} )
Tll‘l

Takum oOpa3zom, sapo K (nn,p) HUCKOMOT'O HH-
TErpajbHOIO IMPeoOpa3oBaHUsl IMOJHOCTBIO OIpe-
neneno pasenctBamu (11)—(14), (16), cnextp ero
COGCTBEHHBIX 3HaYeHmit {1, |  — ypaHenuem (15)
u paBeHctBamu (14), BecoBas QyHkIms y(p) — pa-
BEHCTBOM (4).

TemnepaTtypHoe nosne

Oyuxuus  0(p,Fo),pe[L,R,],Fo>0, onpene-
JSTIOIIAsl TEMIIEpaTypHOE ToJie ABYX(a3HOro mopuc-
TOr0 MaTepuaia, COTJIACHO MEPBOMY PaBEHCTBY B (2)
UMeeT BUJI

0(p,Fo)=p~'¥V(p,Fo),

rae ¢ynkuus V(p,Fo) — pemenue cMemanHoi
3a/1auM, MPeICTABIEHHON MaTeMaTUYeCKOH Mojie-
b0 (3). IlpumenuB k maHHOW MOJEnH pa3pado-
TaHHOE MHTErpajbHOE IIPeoOpa3oOBaHue U Hojaras

Ry

w, (Fo) 2 [ ¥ (p,Fo) v(p) K (n,.p)dp;
1
Ry

P, (Fo) £ [o(p.Fo){J (R —p) = (1-p)}x
xy(p)K(n,.p)dp = (17)
EAff(p,FO)pK(nn,p)dp,

rae J(-) — equnndHas QyHKUMS, IPUXOAMM K 3a-
nage Koum otHocHTenbHO n3o0paxenus w, (Fo)
OpHUTHHAJIA V(p,Fo):

w, (O) =0.

Pemrenne 3amaun Komm (18) HaxomuTcs craH-

JApTHBIMH MCTOI[aMI/I'
2

. (Fo) = J P, ( exp[ nn(Fo—r)]dr, (19)

Fo=>0.

Takum oGpa3oM, coriacHo 0OIIEH Teopuu WH-
TerpajbHbIX IpeoOpazoBaHuil [6], pelieHue cme-
IIAHHOM 3aJay, IPEICTAaBICHHOM MaTeMaThuye-
cKoi MozienbIo (3), ompenensiercs Kak

Zw Fo

ISpSRZ, Fo >0,

V(p,Fo) (Masp),

rae usoGpaxenne w, (Fo) omnpexencHo paseH-
ctBamu (17), (19).

3akno4yeHue

[IpumeHenne pa3pabOTaHHOTO HWHTETPAIBHOTO
npeoOpa3oBaHKs IO IPOCTPAHCTBEHHOMY Iepe-
MEHHOMY TI03BOJISIET INPEJCTAaBUTh HCKOMOE TEM-
nepatypHoe Iojie IBYX(a3sHOro MmopucToro mare-
pHana ¢ MOMIOMANIMMHU MPOHHUKAIOIIee H3ITyde-
HHUC BKIHOYCHHUAMHW B AHAJIUTHYCCKHM 3aMKHYTOM
BHUJE.

[Ipu mpoBeneHUM MapaMeTPUYECKOTO aHAIM3a
TEeMIIEPaTypHOTO TOJS MOTYT BO3HHKATh 3HAYH-
MBIC TEXHHYECKHE TPYAHOCTH, OOYCIIOBJICHHBIC
CIIO)KHBIM XapaKTepOM 3aBUCHMOCTH pPeallu3yeMo-
ro MHTErpalibHOTO TpeoOpa3oBaHHs OT MapameT-
POB UCXOHOI Mozenu. B cBsi3u ¢ 3TUM 11e71€c000-
pa3Ho, paccMaTpUBasi UCXOJIHYI0 MAaTEMATHYECKYIO
Mo/ieTh Kak 0a30Byr0, pa3padoTaTh HEpapXuio ee
VIIPOIIEHHBIX aHAJIOTOB C IOCIEIYIOMIeH HICHTH-
¢uKanueil auama3oHa BO3MOXKHOTO TNPHMEHEHUS
KaXXJIOTO U3 HUX.

Cnncok o603HauYeHun

@ — TEMIIEPaTypOIPOBOIHOCTh, M%/C;

r — paauyc, M;

t —Bpems, C;

T — remneparypa, K;

T. — macmtabHas TemriepaTypa, K;

o — koa(duiment temwmootaaun, Br/(m*-K);
A — TemonpoBogHOCTh, BT/(M-K).
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Temperature field of a two-phase porous material
with penetrating radiation absorbing inclusions
in the form of ball layer

A.V. Attetkov, K.A. Gaydaenko, A.V. Kotovich

Bauman Moscow State Technical University
(National Research University),
Moscow, 105005, Russia
e-mail: fn2@bmstu.ru, kseniyagaydaenko@gmail.com

The “micro-focal model” of the heat transfer process in the two-phase material with spheri-
cal inclusions absorbing penetrating radiation occupies an important place in the studies on the
problem of laser initiation of explosive decomposition in energy materials. Absorbing inclu-
sions in the form of a ball layer represent theoretical and meaningful practical interest while
studying heat transfer processes in the material transparent to radiations. There are well-known
difficulties occurring while searching for analytical solution to the corresponding problem for
the parabolic type second order partial differential system, even in the simplest situation of the
ball layer thermal insulation. They are being aggravated if it is necessary to account for the in-
ter-phase thermal exchange impact on the temperature field of the two-phase material. It was
noted, that analytical solution to the problem under consideration employing Laplace integral
transform over temporal variable in its image space was not associated with significant difficul-
ties, but subsequent transition herewith to the originals space of the integral transformation

being used was rather problematic.

To overcome the originated difficulties the work suggests the other option of the analytical
solution to the problem under consideration. Applying the theory of general integral transfor-
mations, the finite integral transformation was developed over the spatial variable for the two-
layer area, its core, eigenvalues spectrum and weight function were identified. The obtained re-
sults were employed to find analytically closed solution of the problem, represented by the
mathematical model under study of heat transfer in the radiation transparent two-phase porous
material with absorbing inclusions in the form of the ball layer.

The presented results demonstrate that while performing parametric analysis of the studied
temperature field, significant technical difficulties stipulated by the complex nature of the de-
pendence of the core and the eigenvalues spectrum of the developed integral transformation on
the parameters of the original model may arise. It is advisable, in this regard, to develop hierar-
chy of simplified analogues, using the initial model as a basic one, with further determination of

the range of possible application of each.

Keywords: two-phase material, laser radiation, absorbing inclusions in the form of ball lay-

er, temperature field, integral transformation.
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