
Í.Ñ. Àñòàïîâ, Â.Ä. Êóðãóçîâ N.S. Astapov, V.D. Kurguzov

200Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. Ò. 29. ¹ 3 Aerospace MAI Journal, vol. 29, no. 3

© Àñòàïîâ Í.Ñ., Êóðãóçîâ Â.Ä., 2022

Âåñòíèê Ìîñêîâñêîãî àâèàöèîííîãî èíñòèòóòà. 2022. Ò. 29. ¹ 3. Ñ. 200-208.
Aerospace MAI Journal, 2022, vol. 29, no. 3, pp. 200-208.

Íàó÷íàÿ ñòàòüÿ
ÓÄÊ 539.3
DOI: 10.34759/vst-2022-3-200-208

ÏÐÎ×ÍÎÑÒÜ ÊÎÌÏÀÊÒÍÎÃÎ ÎÁÐÀÇÖÀ
ÈÇ ÓÏÐÓÃÎÏËÀÑÒÈ×ÅÑÊÎÃÎ ÑÒÐÓÊÒÓÐÈÐÎÂÀÍÍÎÃÎ ÌÀÒÅÐÈÀËÀ

Íèêîëàé Ñòåïàíîâè÷ Àñòàïîâ1    , Âëàäèìèð Äìèòðèåâè÷ Êóðãóçîâ2

1,2Èíñòèòóò ãèäðîäèíàìèêè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ (ÈÃèË ÑÎ ÐÀÍ),
Íîâîñèáèðñê, Ðîññèÿ
1,2Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (ÍÃÓ),
Íîâîñèáèðñê, Ðîññèÿ
1nika@hydro.nsc.ru
2kurguzov@hydro.nsc.ru

Àííîòàöèÿ. Ðàçðóøåíèå êîìïàêòíîãî îáðàçöà èçó÷àåòñÿ ñ ïîìîùüþ ïîäõîäà Íåéáåðà–Íîâîæèëîâà
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Èñïîëüçóåòñÿ ñäâîåííûé äèñêðåòíî èíòåãðàëüíûé êðèòåðèé ïðî÷íîñòè, òàê êàê â ïîëå íàïðÿæå-
íèé â îêðåñòíîñòè âåðøèíû òðåùèíû åñòü îñîáåííîñòü. Â âåðøèíå ðåàëüíîé òðåùèíû çàïèñàí
êðèòåðèé ðàçðóøåíèÿ äëÿ ïðåäåëüíîé äåôîðìàöèè, à â âåðøèíå ìîäåëüíîé òðåùèíû äàí êðèòåðèé
äëÿ íîðìàëüíûõ íàïðÿæåíèé. Ïðîàíàëèçèðîâàíû îïðåäåëÿþùèå óðàâíåíèÿ àíàëèòè÷åñêîé ìîäå-
ëè. Íàéäåíû êîìïàêòíûå ôîðìóëû äëÿ ðàçðóøàþùåé íàãðóçêè. Â óñëîâèÿõ ïëîñêîé äåôîðìàöèè
è ïëîñêîãî íàïðÿæåííîãî ñîñòîÿíèÿ ïîñòðîåíû ãðàôèêè êâàçèõðóïêîãî ðàçðóøåíèÿ îáðàçöà.
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Abstract

The strength of compact sample at normal separation (fracture mode I) was studied within the framework
of the Neuber–Novozhilov approach. A model of ideal elastoplastic material with ultimate relative elongation
was selected as a model of a deformable solid. This class of materials includes, for example, low-alloyed
steels applied in the structures operating at temperatures below the cold brittleness threshold.

The crack propagation criterion is formulated with the modified Leonov–Panasyuk–Dugdale model,
which employs an additional parameter, namely the plasticity zone diameter (the pre-fracture zone width).
The two-parameter (twinned) criterion for the crack quasi-brittle fracture in the elastoplastic material was
formulated under conditions of small-scale yielding with the presence of the stresses field singularity in the
vicinity of the crack tip. This twinned fracture criterion includes the deformation criterion, formulated in
the crack tip, as well as force criterion, formulated in the model crack tip. The lengths of the original and
model cracks differ by the pre-fracture zone length.

Diagrams of quasi-brittle fracture of a sample under conditions of plane strain and plane stress are plotted.
These diagrams consist of two curves, which divide the “crack length–stress” plane into three regions. The
first region corresponds to the absence of fracture. In the second region, damages are being accumulated
in the pre-fracture zone under the repeated loading. In the third region, the sample is being divided into
parts under monotonic loading.

The constitutive equations of the analytical model are analyzed in detail depending on the characteristic
linear size of the material structure. The authors obtained simple formulas suitable for verification calculations
of the critical fracture loading and the length of the pre-fracture zone. The analysis of the parameters included
in the proposed model of quasi-brittle fracture was performed. The authors propose model parameters selecting
by approximation of the uniaxial tension diagram and stress intensity coefficient.

Keywords: brittle and quasi-brittle fracture, double fracture criterion, elastoplastic material, mean diameter
of a structured material grain, ultimate strain
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MACHINE-BUILDING ENGINEERING
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Ââåäåíèå

Íàäåæíîñòü è áåçîïàñíîñòü ýêñïëóàòàöèè
ëåòàòåëüíûõ àïïàðàòîâ ñóùåñòâåííî çàâèñèò îò
ïðî÷íîñòè óçëîâ è äåòàëåé. Ïîýòîìó àêòóàëüíûì

ÿâëÿåòñÿ èññëåäîâàíèå ïðîöåññà çàðîæäåíèÿ è
ðàçâèòèÿ òðåùèí, ïðèâîäÿùèõ ê ðàçðóøåíèþ. Â
[1] â ðåçóëüòàòå òðóäî¸ìêîé ìàòåìàòè÷åñêîé îá-
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ðàáîòêè äàííûõ íàòóðíûõ èñïûòàíèé ïîëó÷åíû
ðåêîìåíäàöèè äëÿ ïðîãíîçèðîâàíèÿ ñðîêà, êîã-
äà áåçîïàñíà ýêñïëóàòàöèÿ ëîïàñòåé âèíòîâ âåð-
òîë¸òà. Â ÷àñòíîñòè âûÿâëåíî, ÷òî ïðîöåññ áûñ-
òðîãî ðîñòà òðåùèíû çàíèìàåò ëèøü ïîñëåäíèå
5—10% âñåãî âðåìåíè å¸ ïîäðàñòàíèÿ äî îêîí-
÷àòåëüíîãî ðàçðóøåíèÿ èçäåëèÿ. Àêòóàëüíûì ÿâ-
ëÿåòñÿ è ïîñòðîåíèå ïðîñòûõ, óäîáíûõ äëÿ ïî-
âåðî÷íûõ ðàñ÷åòîâ ìàòåìàòè÷åñêèõ ìîäåëåé ðàç-
ðóøåíèÿ ìàòåðèàëîâ è êîíñòðóêöèé [2—7]. Â ðà-
áîòàõ [3—5] îáñóæäàþòñÿ íåäîñòàòêè è ïðåèìó-
ùåñòâà ëîêàëüíûõ îäíîïàðàìåòðè÷åñêèõ êðèòå-
ðèåâ ðàçðóøåíèÿ õðóïêèõ è êâàçèõðóïêèõ ìàòå-
ðèàëîâ. Ñäâîåííûå êðèòåðèè ðàçðóøåíèÿ ïîçâî-
ëÿþò îáúåäèíèòü ïðåèìóùåñòâà îäíîïàðàìåòðè-
÷åñêèõ êðèòåðèåâ ðàçðóøåíèÿ, îòâå÷àþùèõ ðàç-
ëè÷íûì ïðåäåëüíûì ñîñòîÿíèÿì ìàòåðèàëà [6—
9]. Â ìîäåëè, ïðåäëàãàåìîé â ðàáîòå [10], íåò ïà-
ðàìåòðîâ, îïèñûâàþùèõ ñòðóêòóðó è ïîïåðå÷íèê
çîíû ïðåäðàçðóøåíèÿ. Îäíàêî ïðèñóòñòâèå ïå-
ðèîäè÷åñêîé ñòðóêòóðû â ìàòåðèàëå îêàçûâàåò
çíà÷èòåëüíîå âëèÿíèå íà ðàñêðûòèå òðåùèí,
ïîòîìó ÷òî òðåùèíû ÷àñòî ïðîõîäÿò ìåæäó çåðåí.
Â [11] ïîêàçàíî, ÷òî êðèòåðèè ðàçðóøåíèÿ, ó÷è-
òûâàþùèå ñðåäíèé äèàìåòð çåðíà ñòðóêòóðèðî-
âàííîãî ìàòåðèàëà, ýôôåêòèâíåå òðàäèöèîííûõ
êðèòåðèåâ.

Äàííàÿ ðàáîòà óòî÷íÿåò ðåçóëüòàòû [12—14]
ïî èçó÷åíèþ ïîäðàñòàíèÿ òðåùèíû. Äëÿ ñòðóê-
òóðèðîâàííûõ ìàòåðèàëîâ ðàçðàáîòàíà óòî÷í¸í-
íàÿ ìîäåëü Ëåîíîâà—Ïàíàñþêà—Äàãäåéëà
(ËÏÄ) [15—18] ñ ïðÿìîóãîëüíîé çîíîé ïðåäðàç-
ðóøåíèÿ. Ïîëó÷åíû êîìïàêòíûå ôîðìóëû äëÿ
ïîâåðî÷íûõ ðàñ÷åòîâ êðèòè÷åñêîé íàãðóçêè, à

òàêæå îïèñàí àëãîðèòì ïîñòðîåíèÿ ãðàôèêîâ
ðàçðóøåíèÿ ñòðóêòóðèðîâàííûõ ìàòåðèàëîâ.
Ïðåäëàãàåìàÿ àíàëèòè÷åñêàÿ ìîäåëü èñïîëüçóåò
íåêëàññè÷åñêóþ ñõåìó ðàçðóøåíèÿ ìàòåðèàëà, â
êîòîðîé, êðîìå äâóõ ñîñòîÿíèé (ñïëîøíîãî è
ðàçðóøåííîãî), ðàññìàòðèâàåòñÿ òðåòüå ïðîìåæó-
òî÷íîå ñîñòîÿíèå ìàòåðèàëà ñ íàêîïëåííûìè ïî-
âðåæäåíèÿìè. Ïîñòðîåííàÿ ìîäåëü ïîçâîëÿåò
îöåíèòü êðèòè÷åñêîå ñîñòîÿíèå èçäåëèÿ ñ òðåùè-
íàìè ïðè áîëåå ñëîæíûõ óñëîâèÿõ íàãðóæåíèÿ,
÷åì îäíîïàðàìåòðè÷åñêèå êðèòåðèè ìåõàíèêè
ðàçðóøåíèÿ.

Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì êîìïàêòíûé îáðàçåö øèðèíîé w,
âûñîòîé H ñ èñõîäíîé òðåùèíîé äëèíû l0, ðàñ-
òÿãèâàåìûé ñèëàìè P (ðèñ. 1). Ãåîìåòðèÿ îáðàçöà
îïðåäåëÿåòñÿ ðåêîìåíäàöèÿìè èç [19, 20]. Ïîâåð-
õíîñòü òðåùèíû ñâîáîäíà îò íàãðóçîê, ðåàëèçó-
åòñÿ I ìîäà ðàçðóøåíèÿ. Ïóñòü ïåðèîäè÷åñêè
çåðíèñòûé ìàòåðèàë îáðàçöà ñî ñðåäíèì äèàìåò-
ðîì çåðíà d [12] èìååò êâàçèõðóïêèé òèï ðàçðó-
øåíèÿ.

Èñïîëüçóåì ïðîñòåéøåå ïðèáëèæåíèå ðåàëü-

íîé ( )σ ε- -äèàãðàììû èññëåäóåìîãî ìàòåðèàëà

êóñî÷íî-ëèíåéíîé ëîìàíîé, ñîîòâåòñòâóþùåé
èäåàëüíî óïðóãîïëàñòè÷åñêîìó ìàòåðèàëó, èìå-
þùåìó ïðåäåëüíóþ äåôîðìàöèþ ïðè êîòîðîé
ìàòåðèàë ðàçðóøàåòñÿ. Íà ðèñ. 2,à ñõåìàòè÷íî

ïîêàçàíû èñõîäíàÿ ( )σ ε- -äèàãðàììà (êðèâàÿ 1)

è åå ïðèáëèæåíèå ëîìàíîé (êðèâàÿ 2). Ïàðàìåò-
ðû ïðèáëèæåííîé äèàãðàììû íàõîäÿòñÿ èç óñëî-
âèÿ ñîâïàäåíèÿ ïëîùàäåé ïîä êðèâîé 1 è ëîìà-

Ðèñ. 1. Ñõåìà íàãðóæåíèÿ êîìïàêòíîãî îáðàçöà (à); ýïþðû íîìèíàëüíûõ íàïðÿæåíèé ïðè ðàñòÿæåíèè sσ  è
èçãèáå fσ  (á)

à) á)
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íîé 2. Ëîìàíàÿ 2 ñòðîèòñÿ ïî òð¸ì êîíñòàíòàì
ìàòåðèàëà: Å – ìîäóëü Þíãà, Yσ  – ïðåäåë òåêó-
÷åñòè ïðè îäíîîñíîì ðàñòÿæåíèè, 1ε  – ïðåäåëü-
íàÿ äåôîðìàöèÿ. Ìàêñèìàëüíàÿ óïðóãàÿ äåôîð-
ìàöèÿ 0ε  íàõîäèòñÿ èç çàêîíà Ãóêà 0Y Eσ ε= .

Óòî÷íåííàÿ ìîäåëü ËÏÄ

Â àíàëèòè÷åñêîé ìîäåëè çàìåíèì ðåàëüíóþ
òðåùèíó äëèíû l0 ìîäåëüíîé ïðÿìîëèíåéíîé
òðåùèíîé äëèíîé 0l l b= +  (ðèñ. 3). Êðèòè÷åñêàÿ
äëèíà çîíû ïðåäðàçðóøåíèÿ cb  ïðè îäíîêðàòíîì
íàãðóæåíèè îïðåäåëÿåòñÿ îäíîçíà÷íî ( 0c cl l b= +
– êðèòè÷åñêàÿ äëèíà ìàêðîòðåùèíû). Íà ðèñ. 3
èçîáðàæåíû íîðìàëüíûå íàïðÿæåíèÿ y Yσ σ=  â
çîíå ïðåäðàçðóøåíèÿ è ïðèáëèæåíèå ïëàñòè÷åñ-
êîé çîíû ïðÿìîóãîëüíîé çîíîé ïðåäðàçðóøåíèÿ
[12, 13]. Íàïîìíèì, ÷òî â êëàññè÷åñêîé ìîäåëè
ËÏÄ [15—18] ïîïåðå÷íèê ïëàñòè÷åñêîé çîíû à = 0.

Ïðè êâàçèõðóïêîì ðàçðóøåíèè ñ÷èòàåòñÿ, ÷òî
îáëàñòü íåëèíåéíûõ ýôôåêòîâ íåçíà÷èòåëüíà ïî

îòíîøåíèþ ê äëèíå òðåùèíû. Ïðåäïîëàãàåòñÿ,
÷òî èíòåíñèâíîñòü ïëàñòè÷åñêèõ äåôîðìàöèé â
ýòîé îáëàñòè ïîëíîñòüþ îïèñûâàåòñÿ ïðåäåëîì
òåêó÷åñòè Yσ  è êîýôôèöèåíòîì KI, à ïîëå íàïðÿ-
æåíèé âîêðóã ýòîé îáëàñòè îïðåäåëÿåòñÿ àñèì-
ïòîòè÷åñêèìè ôîðìóëàìè [21]. Òèï ðàçðóøåíèÿ
ìàòåðèàëà â [12, 13] êëàññèôèöèðóåòñÿ òàê: b = 0
– õðóïêîå, 0/ 1b l  – êâàçèõðóïêîå, 0/ 1b l ª   –
êâàçèâÿçêîå, 0/ 1b l ≥  – âÿçêîå.

Ñäâîåííûé êðèòåðèé ðàçðóøåíèÿ

Ñäâîåííûé êðèòåðèé êâàçèõðóïêîãî ðàçðóøå-
íèÿ êîìïàêòíîãî îáðàçöà èñïîëüçóåò èíòåãðàëü-
íûé êðèòåðèé Íåéáåðà–Íîâîæèëîâà [13]

Y
0

1
( ,0) , 0;

d

y x dx x
d

σ σ= ≥Ú              (1)

( ) , 0.c cv b xδ- = <                (2)

Ðèñ. 2. Èñõîäíàÿ ( )σ ε- -äèàãðàììà ìàòåðèàëà (êðèâàÿ 1) è åå (ëîìàíàÿ 2) ïðèáëèæåíèå (à); ñîîòâåòñòâèå òî-

÷åê 1-4 ëîìàíîé 2 òî÷êàì 1'-4' çîíû ïðåäðàçðóøåíèÿ (á)

à) á)

Ðèñ. 3. Óòî÷íåííàÿ ìîäåëü ËÏÄ: íîðìàëüíûå íàïðÿæåíèÿ íà ïðîäîëæåíèè ìîäåëüíîé òðåùèíû (à); ïðèáëè-
æåíèå ïëàñòè÷åñêîé çîíû ïðÿìîóãîëüíîé çîíîé ïðåäðàçðóøåíèÿ ïðè ïëîñêîì íàïðÿæåííîì ñîñòîÿíèè (á)

à) á)
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Â óðàâíåíèè (1): ( ,0)y xσ  – íîðìàëüíûå íà-

ïðÿæåíèÿ íà ïðîäîëæåíèè ìîäåëüíîé òðåùèíû;
Oxy – ïðÿìîóãîëüíàÿ ñèñòåìà êîîðäèíàò, îñü àá-
ñöèññ íàïðàâëåíà âäîëü òðåùèíû (ðèñ. 3,à); â

óðàâíåíèè (2): ( ) 2 ( ,0)v x v x=  – ðàñêðûòèå ìî-

äåëüíîé òðåùèíû (x < 0); cδ  – êðèòè÷åñêîå ðàñ-

êðûòèå ìîäåëüíîé òðåùèíû; bc – êðèòè÷åñêàÿ
äëèíà çîíû ïðåäðàçðóøåíèÿ. Ðàâåíñòâî (1) âû-
ïîëíÿåòñÿ òîãäà (íåîáõîäèìûé êðèòåðèé), êîã-
äà îñðåäíåííûå íàïðÿæåíèÿ íà ïðîäîëæåíèè ìî-
äåëüíîé òðåùèíû äîñòèãàþò ïðåäåëà òåêó÷åñòè,
à ðàâåíñòâî (2) âûïîëíÿåòñÿ, êîãäà ðàñêðûòèå
ìîäåëüíîé òðåùèíû ñòàíîâèòñÿ êðèòè÷åñêèì. Â
äàëüíåéøåì êðèòè÷åñêèå âåëè÷èíû ïî äîñòàòî÷-
íîìó êðèòåðèþ, êîãäà âûïîëíÿþòñÿ îáà ðàâåí-
ñòâà (1) è (2), ÷òî âëå÷åò ðàçðóøåíèå îáðàçöà, è
íåîáõîäèìîìó êðèòåðèþ ðàçðóøåíèÿ ðàçëè÷àþò-
ñÿ èíäåêñàìè ñ è 0 ñîîòâåòñòâåííî.

Ïîñòðîåíèå ãðàôèêîâ êâàçèõðóïêîãî ðàçðóøåíèÿ

Ïîëå íîðìàëüíûõ íàïðÿæåíèé ( )y xσ  çàïè-

øåì â âèäå ñóììû [22]

I( ) ,
2y nom

K
x

x
σ σ

π
= +                  (3)

ãäå nom s fσ σ σ= +  – íîìèíàëüíûå íàïðÿæåíèÿ;
,s fσ σ  – íîìèíàëüíûå íàïðÿæåíèÿ ïðè ðàñòÿæå-

íèè è èçãèáå ñîîòâåòñòâåííî (ðèñ. 1,á);

I I I 0p bK K K= + >  – ñóììàðíûé êîýôôèöèåíò

èíòåíñèâíîñòè íàïðÿæåíèé (ÊÈÍ); I 0pK >  –

ÊÈÍ, îáóñëîâëåííûé ïðèëîæåííûìè ê êîìïàê-

òíîìó îáðàçöó ñèëàìè P; I 0pK <  – ÊÈÍ, îáóñ-

ëîâëåííûé íàïðÿæåíèÿìè Yσ , äåéñòâóþùèìè â

çîíå ïðåäðàçðóøåíèÿ. Âûðàæåíèå äëÿ êîýôôè-

öèåíòà IpK  ñ çàäàííûìè óñëîâèÿìè èñïûòàíèé

êîìïàêòíûõ îáðàçöîâ çàïèøåì òàê [19, ñ. 35; 23,

ñ. 363]:

I

2 3

( );

( ) 16,7 104,375 369,544 573,781 ,

p s

s

P
K lY

tw

Y

π ξ

ξ ξ ξ ξ

=

= - + -
 (4)

ãäå / .l wξ =

ÊÈÍ IbK  âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì

[20, ñ. 117; 23, c. 114]

( ) ( )I 2 / arccos 1 / .b YK l b lσ π π= - -         (5)

Òàê êàê ïðè êâàçèõðóïêîì ðàçðóøåíèè ñïðà-
âåäëèâî íåðàâåíñòâî

1,b l                          (6)

òî èìååì ïðèáëèæåíèå ( )arccos 1 / 2 /b l b l- ª  ñ

ïîãðåøíîñòüþ 5% ïðè 0 0.55.b l£ £  Â ðåçóëüòà-

òå âûðàæåíèå (5) äëÿ êîýôôèöèåíòà IbK  óïðî-

ùàåòñÿ

I Y2 2 .bK bσ π= -                     (7)

Â óñëîâèÿõ ìàëîìàñøòàáíîé òåêó÷åñòè (6)

ðàñêðûòèå òðåùèíû 2 ( )v x  â óðàâíåíèè (2) çàïè-

øåì â âèäå [22]

I

1 2
( ) , 0,

2
x

v x K x
G

κ
π

+ -= £             (8)

ãäå / (2(1 ))G E ν= +  – ìîäóëü ñäâèãà; 3 4κ ν= -

äëÿ ïëîñêîé äåôîðìàöèè, (3 ) / (1 )κ ν ν= - +  äëÿ

ïëîñêîãî íàïðÿæåííîãî ñîñòîÿíèÿ. Êðèòè÷åñêîå

ðàñêðûòèå ìîäåëüíîé òðåùèíû cδ  â ñîîòíîøå-

íèè (2) âû÷èñëèì ïî ôîðìóëå

1 0( ) .c aδ ε ε= -                      (9)

Äëÿ ïîïåðå÷íèêà à çîíû ïðåäðàçðóøåíèÿ â
(9) âîçüì¸ì ïðè ïëîñêîé äåôîðìàöèè âûðàæåíèå
[24, ñ. 290]

( ) ( )2 2

I I
9(1 )

/ ( ) / .
2 2(2 ) p Y p Ya K K

ν σ χ ν σ
π

-= =
+

 (10)

Ïðè ïëîñêîì íàïðÿæåííîì ñîñòîÿíèè

/ 4χ π=  [24, ñ. 282].

Èñïîëüçóÿ âûðàæåíèÿ (3), (4), (7)–(10), ïðè-
ìåíèì äîñòàòî÷íûé (ñäâîåííûé) êðèòåðèé (1),
(2). Èíòåãðèðóÿ â (1) ñ ó÷åòîì (3), íàõîäèì:

( ) ( )( )
0

I

1
( ,0)

2 / 1 / .

d

y

s f

x dx
d

K d d w l

σ

π σ σ

=

= + + - -

Ú
      

(11)

Èñïîëüçóåì îáîçíà÷åíèÿ, ñ ïîìîùüþ êîòî-
ðûõ ïðåäñòàâèì â ïðèáëèæåíèè ñîïðîòèâëåíèÿ
ìàòåðèàëîâ íîìèíàëüíûå íàïðÿæåíèÿ ,s fσ σ :

( )

( ) 2

, 1 ,

, 3 2 .s f

P tw l wσ α

σ σ α σ σ α α

= = -

= = -             (12)
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Òåïåðü êðèòåðèé (1) ñ ó÷åòîì (11), (12) ìîæ-
íî çàïèñàòü òàê:

( )I 2 ,c r YK d Yπ σ σ+ =               (13)

ãäå ( ) ( )( )1 3 2 1 1 ;rY d wβ β βÈ ˘= + - -Î ˚ 1 ;cl wβ = -
lc – êðèòè÷åñêàÿ äëèíà òðåùèíû; / ( )c cP twσ =  –

êðèòè÷åñêîå íàïðÿæåíèå; Pc – êðèòè÷åñêàÿ íà-

ãðóçêà.
Èñïîëüçóÿ â (13) äëÿ êîýôôèöèåíòà

I I Ip bK K K= +  âûðàæåíèÿ (4), (7), ïîëó÷èì óðàâ-

íåíèå

( )2 2 2 1 .c s c c r cl Y b Yσ π σ- = -        (14)

Çäåñü /c cl l d=  – áåçðàçìåðíàÿ êðèòè÷åñêàÿ äëè-

íà òðåùèíû; /c c cb b l=  – áåçðàçìåðíàÿ êðèòè÷åñ-

êàÿ äëèíà çîíû ïðåäðàçðóøåíèÿ; /c c Yσ σ σ=  –

áåçðàçìåðíîå êðèòè÷åñêîå íàïðÿæåíèå.
Ïîäñòàâëÿÿ âûðàæåíèÿ (8)—(10) â óðàâíåíèå

(2), ïðèõîäèì ê ðàâåíñòâó

( ) ( ) ( ) ( )2

I 1 0 I Y1 2 / / 2 / .c c pK b G Kκ π ε ε χ σ+ = - (15)

Ó÷èòûâàÿ, ÷òî / [2(1 )],G E ν= +  0/YE σ ε= ,

èç ñîîòíîøåíèÿ (15) ïîëó÷èì óðàâíåíèå

( ) 2I2 2 2 ( ) ,
( 1)(1 )s c c c s cY b b Y

πχε
σ π σ

κ ν
- =

+ +   (16)

ãäå I 1 0 0( ) /ε ε ε ε= -  – îòíîøåíèå ïðåäåëüíîé

íåóïðóãîé äåôîðìàöèè ê ìàêñèìàëüíîé óïðóãîé

(ïîêàçàòåëü ïëàñòè÷íîñòè). Ïîñëå ðàñêðûòèÿ

ñêîáîê â ëåâîé ÷àñòè óðàâíåíèÿ (16) ïîÿâëÿåòñÿ

ìíîæèòåëü 2 cb , êîòîðûé ìîæíî îòáðîñèòü êàê

âåëè÷èíó áîëåå âûñîêîãî ïîðÿäêà ìàëîñòè ïî

ñðàâíåíèþ ñ 2 cb  â ñèëó îãðàíè÷åíèÿ (6). Â

èòîãå ïðèõîäèì ê ñèñòåìå äâóõ óðàâíåíèé: óðàâ-

íåíèÿ (14) è óïðîùåííîãî óðàâíåíèÿ (16) ñ äâó-

ìÿ íåèçâåñòíûìè 2 cb  è cσ . Ðåøèâ íàéäåííóþ

ñèñòåìó óðàâíåíèé, ïîëó÷èì êîìïàêòíûå ñîîò-

íîøåíèÿ äëÿ áåçðàçìåðíûõ êðèòè÷åñêèõ âåëè÷èí

cb  è cσ :

( )
2 2

I ;
8c s cb p Y

π ε σ=                   (17)

( )( ) 1

I1 2 ,c r s cY Y p lσ ε
-

= + -            (18)

ãäå 2 / [( 1)(1 )].p χ κ ν= + +  Ïðè ïëîñêîì íàïðÿ-

æåííîì ñîñòîÿíèè / 8,p π=  ïðè ïëîñêîé äåôîð-

ìàöèè 9 / [4 2(2 )(1 )].p π ν= + +  Òàê êàê ïðåäåëü-

íàÿ íàãðóçêà îãðàíè÷åíà 1cσ £ , òî ñ èñïîëüçî-
âàíèåì ðàâåíñòâà (18) íàõîäèì îãðàíè÷åíèå íà
ïîêàçàòåëü ïëàñòè÷íîñòè, ïðè êîòîðîì ñóùåñòâó-
åò êâàçèõðóïêîå ðàçðóøåíèå è êðèòè÷åñêàÿ íà-
ãðóçêà äàåòñÿ ôîðìóëîé (18)

( ) ( )( )I 1 1 2 .r s cY Y l pε £ - -               (19)

Ðàñ÷åòû ïîêàçûâàþò, ÷òî îãðàíè÷åíèå (19) íà

çíà÷åíèÿ Iε  ñóùåñòâåííî çàâèñèò îò õàðàêòåðíî-

ãî ëèíåéíîãî ðàçìåðà d ñòðóêòóðû ìàòåðèàëà.
Òàê, ïðè d = 0.7 äëÿ ïëîñêîãî íàïðÿæåííîãî ñî-

ñòîÿíèÿ I 2.546,ε £  à ïðè 0.1d £  èìååì I 1.28ε £ .

Äëÿ ïëîñêîé äåôîðìàöèè îãðàíè÷åíèå íà Iε  ñëà-

áåå, ÷åì äëÿ ïëîñêîãî íàïðÿæåííîãî ñîñòîÿíèÿ —

íàïðèìåð, ïðè d = 0.7, 0.33ν =  èìååì I 4.298.ε £

Ïðè 
1 0ε Æ  èç ðàâåíñòâà (18) íàõîäèì áåçðàç-

ìåðíóþ êðèòè÷åñêóþ íàãðóçêó äëÿ õðóïêîãî ðàç-
ðóøåíèÿ â çàâèñèìîñòè îò áåçðàçìåðíîé äëèíû

èñõîäíîé òðåùèíû 0 0 /l l d= :

( ) 1

0 02 .r sY Y lσ
-

= +                (20)

Áåçðàçìåðíûå êîýôôèöèåíòû sY  è rY , îïðå-

äåëåííûå â (4) è (13), õàðàêòåðèçóþò ãåîìåòðèþ
îáðàçöà è ïîëíîñòüþ îïðåäåëÿþòñÿ øèðèíîé
ïëàñòèíû w è äëèíîé òðåùèíû l0. Ðàâåíñòâî (20)
ÿâëÿåòñÿ íåîáõîäèìûì êðèòåðèåì ïðè õðóïêîì

ðàçðóøåíèè îáðàçöà. Òàê êàê p è 1ε  ïîëîæèòåëü-

íû, òî èç ðàâåíñòâà (18) âèäíî, ÷òî 0 cσ σ<  ïðè

0 cl l<  äëÿ ëþáûõ äëèí òðåùèí. Ïîñòðîèì â êâàä-

ðàíòå ( ),l σ  «äëèíà òðåùèíû – íàïðÿæåíèÿ»

(ðèñ. 4) êðèâûå ( )0 0 0 ,lσ σ=  ( )ñ ñ ñlσ σ +=  ðàçðóøà-

þùèõ íàãðóçîê êîìïàêòíîãî îáðàçöà (äèàãðàì-
ìû ðàçðóøåíèÿ [12, 13]).

Êðèâûå 1, 2 (èëè 1, 3 äëÿ ïëîñêîãî íàïðÿæåí-
íîãî ñîñòîÿíèÿ) äåëÿò êâàäðàíò íà òðè îáëàñòè.
Â îáëàñòè íèæå êðèâîé 1 äëèíà èñõîäíîé òðåùè-
íû íå ìåíÿåòñÿ (òðåùèíà äëÿ ñîîòâåòñòâóþùèõ
íàãðóçîê óñòîé÷èâà); â îáëàñòè ìåæäó êðèâûìè
1 è 2 (èëè 1 è 3) òðåùèíà ïîäðàñòàåò íà äëèíó
çîíû ïðåäðàçðóøåíèÿ, îñòàâàÿñü óñòîé÷èâîé; â
îáëàñòè âûøå êðèâîé 2 (èëè 3) äëèíà òðåùèíû
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óâåëè÷èâàåòñÿ êàòàñòðîôè÷åñêè (òðåùèíà íåóñ-
òîé÷èâà) [12–13]. Äëÿ óäîáñòâà ïðèëîæåíèé äëè-
íà òðåùèíû l íà ðèñ. 4 îòíåñåíà ê øèðèíå îá-
ðàçöà w. Âû÷èñëåíèÿ áûëè ïðîâåäåíû ïðè ñëå-
äóþùèõ çíà÷åíèÿõ ïàðàìåòðîâ: w = 60 ìì,

d = 0.7 ìì, 0.33,ν = I 2.5ε =  ïðè ïëîñêîì íàïðÿ-

æåííîì ñîñòîÿíèè è I 4ε =  — ïðè ïëîñêîé äå-
ôîðìàöèè.

Âûâîäû

Ïðîäâèæåíèå òðåùèíû íîðìàëüíîãî îòðûâà
â óïðóãîïëàñòè÷åñêèõ ìàòåðèàëàõ, èìåþùèõ ïðå-
äåëüíóþ äåôîðìàöèþ, îïèñûâàåòñÿ ñ ïîìîùüþ
óòî÷íåííîé ìîäåëè ËÏÄ. Ïîñòðîåíû ãðàôèêè
êâàçèõðóïêîãî ðàçðóøåíèÿ äëÿ êîìïàêòíîãî îá-
ðàçöà. Ýòè ãðàôèêè ñîñòîÿò èç äâóõ êðèâûõ, êî-
òîðûå äåëÿò êâàäðàíò «äëèíà òðåùèíû – íàïðÿ-
æåíèÿ» íà òðè îáëàñòè, ñîîòâåòñòâóþùèå îòñóò-
ñòâèþ ðàçðóøåíèÿ, íàêîïëåíèþ ïîâðåæäåíèé â
çîíå ïðåäðàçðóøåíèÿ ïðè ïîâòîðíûõ íàãðóæåíè-
ÿõ è ðàçäåëåíèþ îáðàçöà íà ÷àñòè. Ïàðàìåòðû

ìîäåëè ïîäáèðàþòñÿ ïî ( )σ ε- -äèàãðàììå îäíî-

îñíîãî ðàñòÿæåíèÿ è êðèòè÷åñêîìó êîýôôèöè-

åíòó èíòåíñèâíîñòè íàïðÿæåíèé IcK . Ïàðàìåòð

îñðåäíåíèÿ d ìîæíî îïðåäåëèòü êàê

( )2

I2 ,c td K σ π=  ãäå tσ  – ïðåäåë ïðî÷íîñòè ìà-

òåðèàëà íà ðàñòÿæåíèå [12]. Ïîëó÷åííûå êîìïàê-
òíûå ôîðìóëû (17), (18), (20) ìîãóò îêàçàòüñÿ

ïîëåçíûìè äëÿ ðàñ÷åòîâ íà ïðî÷íîñòü äåòàëåé è
óçëîâ ìåõàíèçìîâ è ìàøèí.

Â îòëè÷èå îò [12, 13] â äàííîé ðàáîòå ïðåä-
ëîæåíà óòî÷í¸ííàÿ ìîäåëü ËÏÄ, â êîòîðîé ôîð-
ìóëà (18) åäèíîîáðàçíî ó÷èòûâàåò âèä íàãðóæå-
íèÿ, íîìèíàëüíûå íàïðÿæåíèÿ ïðè èçãèáå è
ðàñòÿæåíèè, ðàñïîëîæåíèå òðåùèíû, òèï ðàçðó-
øåíèÿ (õðóïêîå, êâàçèõðóïêîå), ìåõàíè÷åñêèå
õàðàêòåðèñòèêè ìàòåðèàëà.
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