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Annomayua. B nanHO#il pabore paccMmaTpwBaeTcs 3ajJada O PACTSHKCHHH IUIOCKOMN
KECTKOIUIACTUYECKOMW TIOJIOCHI C HEMNPEPBIBHBIM TOJIEM CKOPOCTEW IEPEMEIICHUN B
YCIIOBUAX TIUIOCKON nedopmanuu ¢ y4€TOM COKMMAeMOCTH MaTepuana, U3 KOTOpPOTO
U3rOTOBIIEH 0oOpazer,. C)KMMaeMOCTh MaTepuaja MPUBOAUT K M3MEHEHUIO TUIOTHOCTH B
MpOLECCE HArpyXeHus, B COOTBETCTBUM C KOTOPBIM B CHUCTEMY YpPaBHCHWH,
OTIPENICISIIONINX ~ TI0JIE  CKOPOCTEH  mepeMenieHuil  nobammsieTcss  jgorapudm — OT
MaTepuagbHON MPOU3BOJHON MJIOTHOCTH MO BpeMeHu. [laHHas cuctema mpeobpasyercs K

CHUCTEME BOJIHOBBIX ypaBHEHHMH. [[JI1 pemieHus MOJYyYEHHOU CHCTEMBI PacCMaTpPUBAECTCS
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3amaya Komm ¢ HaYaJbHBIMM YCIIOBHSIMM INPUMEHHUTENBHO K KaXXIOMY W3 YpPaBHEHUH
CUCTEMBl B OTAECIBHOCTH, HCHOJB3YIOTCS METOJ YCPEOHEHHUs M METOX clycka. B
pe3yabpTaTe MOJy4aeTCsl pELIEHUE CUCTEMBI, COCTOSIIEE U3 IBYX YPABHEHM, COIEpKAINX
JBOMHBIE HHTETPAJIbI IO MMOBEPXHOCTH Kpyra. Takxe NpuBOAUTCS BUJ PELIEHUS CUCTEMBI,
IIOJIYYEHHBIN B PE3YyJIbTATE B3ATUS JBOMHBIX HHTETPAJIOB.

Knroueewvie cnosa: miockas paedopmaiusi, >KECTKOIUIACTHYECKOE TeNo, CKUMAEMOCTh
Marepuaia, III0THOCTh, CHCTEMA BOJTHOBBIX YPaBHEHUI
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Abstract. The subject of the study of the presented article consists in determining
conditions of the moment of a crack nucleation at the stretching of the plane sample from
the compressible material under conditions of the plane deformation.

The purpose of this study is studying the process of stretching a flat sample made
from compressible material with a continuous displacement velocities field under the plain
strain conditions. The material compressibility associated with the mass conservation law,
which is formulated in the form of the equation of continuity, leads to a density change
while loading process, in accordance with which the logarithm of the material derivative
of density in time is being added to the system of equations defining the displacement
velocity field. This system is being converted to a system of inhomogeneous wave
equations.

The following methods were applied while this research conducting. They are:

- Analytical method for the velocity and deformations field determining;

- Averaging method for obtaining the mean value of the auxiliary function on the
sphere;

- Method of descent for transition from the sphere surface integration to the circle
integration.

In the course of the studies, an intermediate result, namely the general solution of
the system of wave equations for the velocities field determining, was obtained.

The results of the study can be applied while mathematical models developing of the
behavior of real structures’ elements in the problems of modern mechanical engineering

and construction, as well as in assessing their strength.
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ITocTtanoBKa 3a1a4u

Paccmotpum 3agady o pacTsHKEHHHU TOJIOCHI B YCIOBUSIX TIOCKOHM jaedopmaliuu.
Ilone ckopocTell IepeMELIeHUN NPEeAIonaracTcs HENPEPBIBHBIM, W Ha IIOJIOCY
HaKJIaJbIBACTCS  JOMOJIHUTEIBHOE OIrPAaHWYEHHE, B BUJI€ YCIOBUS CXKUMAEMOCTHU
Marepuaia U3 KOTOporo u3roToBjaeHa noJsoca [1-2].

PactsaruBaromue ycuins IpUKIAIbIBAIOTCS K BEpXHEH W HIDKHEHW TpaHsM 00pasiia,
Ha OOKOBOW MOBEPXHOCTH HANPSHKEHUS OTCYTCTBYIOT. M3 3TOro cieayrT rpaHUYHBIE
YCJIOBUS JIJIs1 HANPSHKEHUMN :

npu x, = 1 0,, = 2k, npu x, = —1 0,, = 2k.

C yuéToM TIpeAmoNIOKEHUS O TOM, YTO BECh 00paser] HaXOJIUTCS B IJIACTHYECKOM

COCTOSIHMH, TIOJTy4aeM OJHOPOJIHOE HANPS)KEHHOE COCTOSIHUE:
022 =2k,011 =012=0
1)

Y MPSIMOJIMHEWHOE TOJIE€ JTUHUN CKOJBXKEHHUS, COCTABIAIOMINX C TOPU30HTATIBHOM OCBIO X|
yroa ¢ = /4.

AJITOPUTM pelieHus 3a1a4u
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[lone ckopocTteli B  yCHOBUSIX  IUIOCKOW  jaepopMaunuu  omnpenensiercs

HHTCTPUPOBAHHUCM CUCTCMBI ypaBHeHHﬁI

av, ov, d
J a_x1+a_x2__a[l“p]'
av,

av, 9V, oV
2—( L. 2)(—ct92<p),

OXZ 6X1 6X1 aXZ

2)
rac B IIPaBYHO HYaCThb IICPBOIO YpPABHCHUA I[O63,BJ'I${€TC$I J'IOI‘apI/I(i)M MaTepHaHBHOﬁ
HpOHSBOIIHOﬁ o BPCMCHU OT INIOTHOCTHU MATCpHalla, YTO 06YCJ'IOBJ'I€HO YCJIOBUEM

CXKNMAaCMOCTHU U CBA3aHO C q)OpMYHHpOBKOﬁ 3dKOHa COXPAaHCHUA MACCHI:

Vi = =X [in p]
Kk = dt npj,

3)
HOIICT&BI/IB BO BTOpPOC YpPaBHCHUC CHCTCMblI 3HAYCHUC YIJIa HAKJIOHA JIMHUU

CKOJIBXKEHUsI ¢ = 1/4 ipeobpazyem cucremy (2) k Buny [3]:

(i W d
{ Wax, Tox, - “aclinP!
(1) v Ve
aXZ aXl o

4)
) ) d d
[IpeoOpaszoBaB (4) 1Mo 3aKoOHY o (D - o (I) n o (D - o (II), mony4yaem
1 2 2 1

CHUCTEMY BOJIHOBBIX YPaBHEHUN:

%V, 0%*Vy ( 0
x>  ox: §11X1. X2,
0%V, 0%V,

- = ) ’t
kaX% aX% gz(X1 X2 )



0 d g d
rae  g1(X,Xp,t) = a_xl(_a[ln p]):gz(Xsz,t) = a—xz(—a[ln p]) —  ¢yHKIIUU
KOOPJAWHAT U BPEMEHHU.

PaccMOTpHM OTAENBHO pElIeHKE TEPBOro ypaBHEHUsS cucTeMbl. [1ycTh

0%V,
dt?2

— f1(x1, %2, 1) = g1(X1,X5, 1)

TOorga

0°Vy 0%V 0°Vy

otz 9xZ  0xZ

+ f1(x1, %5, 1)

6)
Byem uckaTh 4aCTHBIE PELIEHUS OJIHOPOIHOTO ypaBHEHUS
0°u  0%u 09%u
— 392 Aau2
at?  0x%  0x3
7)
C HAYaJILHBIMU YCIOBHSAMMU:
Ulp=r = 0,5 |t=r = [1(X1, X2, T)
ot
8)

o6Jafarolye NeHTPaIbHON CHMMETPHEH OTHOCHTENBHO HeKoTopoit Touku My (x?, x2), To
€CTh pelIeHUs BUJA

u(xq,Xy,t) = u(r,t),
TJIe T — pacCTOsTHUE MeX Iy Toukamu M(X, X2) 1 My (x?, x9),.

Torma s chepudeckoit cucrembl koopawHaT [4-5] ¢ meHTpoM B Touke My,

2

0%u  0%u

oneparop Jlammaca Au = PYcitew npeodpa3yercs K BUY:
1 2
A = 1 a(zau)_mz
S\ ar) T rore (ru)



u ypaBHeHue (7) Oyaer UMeTh BUJT

9)
C mnomompbio BBEACHHUS BCIIOMOraTelnbHOM GyHKUMU U = ru ypaBHeHue (9)
npeodpaszyeTcs K BUAY:

d0%v B d0%v 1
at2  a(t —1)?

10)
C YCIIOBUSIMU:
dv
U(r, T) = 0, E (rl T) = rfl(Xlr XZ; T)r U(OI t— T) = 0
11)
O6miee pemenue ypapaenus (10) umeer BuI:
vt T) =Pt —T+71) Pt —T—1), ¢
12)
cienoBaTenbHO, PyHKIMS U U3 ypaBHeHud (9) npumMeT BU:
1 1
u(r,t;t) = ;tpl(t —T4+71r)+ ;l,bz(t —T—71).
13)
C yuérom ycnosust v(0,t — 7) = 0 moxydum:
Pt —1) = Pt —7) =9t — 1),
torna (13) npeobpaszyercs Kk BUAY:
1 1
u(r, t;7) = ;lll(t —T+7) —;lll(t —T—7),
(14)

u(0,t; 1) = 2¢'(t — 7).



(15)
Beeném cdepuueckyro cucreMmy [6] koopauHar (r, 6, @) Cc HayajaoM B TOYKE

M, (20, x9, x9). PacemoTtpum pynKImio

1 1
u(r,t) = M. [u] = yy— ff udS = Eﬂ ud(,
Sy Sy

16)
rae dS = r?d(). ®ynkuus U sABIseTCS CpeHUM 3HaueHHeM (GyHKIUHU U Ha cdepe S,
paauyca r ¢ IeHTpoM B Touke My, d(1sin 6 dOd¢.
N3 (16) ¢ yu€rom (15) cnenyer:

u(My, to) = u(0,ty) = 29'(t),

(17)
[Tocne nuddepennupopanus (14) mo r u t umeem [7]:
a(‘%Fa(?—Z’@ +7) =2¢'(¢
arru atru—lp T+71)=2¢(tp)
nput =tur =ty Orcrona, yautsisas (17) u (16) nonyuum:
(M t)—1 aﬂ dﬂ+ﬁ audﬂ
" 0'0_4n6r5ru Srat
T r r=ty,t=T {
18)

VYuuteiBasg HavasnbHble yciaoBuA (8) u omyckas uniaekc 0 mpu My U t, noiayuum u3

(18) popmymny Ilyaccona

u(M,t) = % [%tﬁs t<p1(P)dQP + that¢2(P)dQP] )

T=t0,t=‘[ (



19)

rae dSp = (at)?dQp, kotopasd, ¢ yuétoM (16) MOKET OBITH 3aMHMCAHA B BUJIE

0
u(M,t) = atMat[q)l] + tMae[ 2],

20)

TAac

1 1
Maelp1] = EUM%dQ = mﬂM%d&
Sat Sat

21)

a SM — cepa paauyca at ¢ enTpoMm B Touke M.

B cuny He3aBHCMMOCTH HaYaJdbHBIX JAHHBIX OT KOOPJWHATHI X3 HHTETPUPOBAHUE 10
BepxHel momycdepe MOKET ObITh 3aMEHEHO MHTErPUPOBAHMEM MO Kpyry Xk,
obpasyromeMycs npu nepeceuennu chepsl S ¢ muockocTsio (X1, X2).

DeMEeHT MoBepPXHOCTU dS CBsI3aH C JIEMEHTOM IUTOCKOCTH [8] dG cooTHOIIEHHEM

do = dS cosyvy,

rae

V(at)? — (x; = §)? = (x; — )2
cosy = :
at
Tak ke UHTErpPUPOBAHUEM TI0 KPYTY LM MoskeT GbITh 3aMEHEHO U MHTETPUPOBAHHE

o HKHEN mnoiycdepe, modToMy uHTErpan [9-12] mo kpyry cieayet B3siTh JBaxIbl. B

pe3yNbTaTe MONTYIUM HOPMYITY:



V1 (%q,%X,,6T) = >

_ij .
1[0t Mgm [t —1)% = (g — ©)2 — (x, — 1)?

0dédn

_I_j f1(5:TI:T)dfd77
| e (-2 = (g =2 = (x —m)? ]

(22)

AHAJOrMYHO MOJYYAeTCsl PEIIeHHE BTOPOTO ypaBHEHHsS CUCTEMBI (5) — (yHKUMS

V5 (Xq,X5,tT):

Vo (Xq,%X5,6T) = >

if )
1|0t Eé‘ff\/(t—T)Z —(x; —&)?% = (x3 — 1n)?

0dédn

+j f2(§,n,t)dédn
| sM J(E—1)2 — (g — 82 — (x, —1)? |

Takum oOpaszom, ol1iee perieHne CucTeMsl (5) UMeeT BUJL;

0 0dédn
1 atjjzlt”_ﬂ/(t —1)% — (0, — 8?2 — (x, —1)? ’

Vi(Xq,X,,t;T) = —
1(X1, X2 ) -

+j f(§,n,t)dédn
i M J(E—1)2 = (0, — )% — (x, — )2 |
0dédn ‘

[ 0

— +
1 atjz’t"_ﬂ/(t —1)%2 = (x; —&)? — (x, — )?
VZ(X1JX2J t; T) = %

f2(§,m, 1)dédn

_|_
i ngJ@—TV—(m—fﬁ—Ch—nY-

(23)

24)

Tak Kak UHTErpUPOBAHHUE MPOU3BOAUTCS IO KPYTy C LIEHTPOM B Touke M(Xi, X2) U

paauycom (t — T), TO 00J1aCTh UHTETPUPOBAHUS OTIpEeIsieTCs] HepaBeHcTBamu [ 13]:

Xx1—t+71<x <x1+t—71,

—\/(t—r)z—xf < X, S\/(t—r)z—xlz.



KoopauHaTe! Touek kpyra LA spipaxarorcs GopMynamu:

E=x1talt—1),n=x+p(—1),

(25)
rae a = sinf cosy, f = sin O sin Y.
Otcrona
X, =¢—alt—1),x, =n— Bt —1),
n O6JI€[CT]':> I/IHTCFpI/IpOBaHI/IH HpI/IHI/IMaCT BUI.
E—(t—Da+D<é<é—-(t—D(a—1),
—J@-fﬂz—(f—wﬂt—rﬂzsnféJ@-ﬁﬂz—(f—wdt—fﬂa
(26)
Bo3bMEM 110 OTAEIBHOCTH HHTErPajbl A1 GyHKuuu V; (X4, X5, t; T):
ﬂ 0dédn ~
M (=12 = (xy — )2 = (x —1)?
E—(t-1)(a-1) t-1)2-(E—a(t-1))°
= ] dgj ~0dn = 2(t — 7)C.
-t-D@r) - [0 (E-alt-D)’ 27)
j f1(&,n,)dédn _
sM (=12 = (g — 62 — (x; — n)?
9%V,
sM (=12 = (x, — 62 — (x, — )2

_J 91(5»U:T)d5d77
ZQ”_T\/(t —1)%2 = (x, — )2 — (x; —n)?

(28)



0%V
j atzl dédn P(x1,X2,5 1)
ZM
t

-0 -7 - -2 (t-J1-(a+BD)

(29)

f 91 (E; n, T)d'sdn — E(XI' X2, t; T)
N e L e R e N RN (e ey )

(30)

[Toacrasnsis B (24) % ot (27) u (29)-(30) nonyunm:

1 D(X1,X5,5T) +8,(X1,X,, 5T
anzc_l_‘!’(l 2 ) + 81 (X1, X2 )

Vi (X, X0, 5 T) = —
(t — T)\/l — (a? + B?)
B3sB ananornyno uaTerpansl it Gpyakuun V, (X4, X,, t; T) moayuum:

(p(xlr X2, t; T) + g(xlf X2, t; T)

(t — ‘L’)\/l — (a? + B?)

1
Vo(x1, %2, 5 1T) = . IZC +

Taxum oOpaszom, ocie B3sATUS HMHTETPATIOB cucTema (6) mpeobpasyercs K Buay [14-
16]:

10 D(Xq1,%X5,tT) + 81 (X4, X, £ T)]
{Vl(xl,xz,t;r)= 2C+go( 1,X2, 6T + 81 (X1, X2, £ T) ’
21 (t — 1)1 — (a? + B2)

P(X1,X2, 6 T) + 82(X1, X2, 5 T) |

(t — 1)1 - (a? + B?)

IKVZ(Xl;XZJt; T) = o 2C +

€2y
BuiBoabI
B mHacrosimee Bpems BeIETCS HalbHEMIEe pEIleHre 3aJaur, OHO HAIpaBiIeHO Ha
HOJIy4YEHHE, C MOMOIIBIO BRIBEAECHHBIX QyHKIMH V; (X4,X,, t; T) u V, (X4, X5, t; T), TIaBHBIX
3HaueHnit Tenzopa nedopmaruit Anemancu [17] (Ei;, E), BbeIpaxkeHHBIX uepes

OTHOCHUTEJIbHOE YUyIMHEHUEe oOpa3ua €. Taxxe nonydeHHsle GpyHkuuu [18] mianupyercs



UCIIOJIb30BaTh JJis BBIPAKEHHS M3MEHEHHs IUUMPUHBI (a) pacTArMBaeMON IOJIOCHI C
T€YEeHUEM BPEMEHHM U HeoOxonumoro g e€ pactsokeHus ycuiud (P). B mpaktuueckoit
00JIaCTH JaHHbIE HCCIEAOBaHUS OYAyT NMPUMEHATHCA NMPU HU3YYEHUU U HUCCIEAOBAHUU

nedopmanrii 000JI04Y€YHBIX KOHCTPYKIUHI, B TOM YHUCIIE JIeTaTeNIbHbIX annapatoB [19-20].
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